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Abstract 

The key ingredient of this paper is the universal central extension of the generalized 
orthosymplectic Lie superalgebra osp„j| 2 „(i?, ~) coordinatized by a unital associative super¬ 
algebra {R,~) with superinvolution. Such a universal central extension will be constructed 
via a Steinberg orthosymplectic Lie superalgebra coordinated by {R, ~). The research on the 
universal central extension of osp„j| 2 „(i?, ~) will yield an identification between the second 
homology group of the generalized orthosymplectic Lie superalgebra osp^| 2 „(J?, ~) and the 
first Z/2Z-graded skew-dihedral homology group of {R,~) for {m,n) 7 ^ (2,1), (1,1). The 
universal central extensions of osp 2 | 2 (f?, ~) and osp]^| 2 (i?, ~) will also be treated separately. 
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1 Introduction 

Central extension theory is of vital importance in the study of Lie algebras and Lie superalgebras, 
which has attracted the attentions from mathematicians and physicist in recent decades (see [15] 
and [17] for a survey). In recent paper [3], the authors determined the universal central extensions 
of generalized periplectic Lie superalgebras and established a connection between the second ho¬ 
mology group of a generalized periplectic Lie superalgebra and the dihedral group of its coordinate 
algebra with certain superinvolution. The current paper is devoted to study the universal central 
extensions of the generalized orthosymplectic Lie superalgebras coordinatized by unital associative 
superalgebras with superinvolution, which form another family of Lie superalgebras determined 
by superinvolutions. 

Let k be a unital commutative ring with 2 invertible and R an associative k-superalgebra. We 
consider the associative superalgebra yirn\ 2 n{R) of (m -I- 2n) x (m -|- 2n)-matrices, in which the 
degree of the matrix unit Cij (a) is 


\eij{a)\ := Jf] -b \j\ + Jo] 
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for a homogeneous element a G R oi degree |a| and 1 ^ j ^ m + 2n with the parity given by 


\i\ := 


0, if i ^ TO, 
1, if i > TO. 


( 1 . 1 ) 


Analogous to the generalized periplectic Lie superalgebra discussed in [3], we further assume 
that the associative superalgebra R is equipped with a superinvolution, which is a k-linear map 
~ : R ^ R preserving the Z/2Z-gradings and satisfying 

ab = (—and a = a, (1.2) 

for homogeneous a,b G R. In this situation, the associative superalgebra M^| 2 „(i?) possesses the 
generalized orthosymplectic superinvolution given by 

/ A* 

-D\^ , (1.3) 

\-p{B,f -dI, d\, ) 

where A is an to x m-matrix, i?i, C\, C 2 are to x n-matrices, D^j, i,j = 1,2 are n x n-matrices 
and p : i? —> i? is a k-linear map such that 

p{a) = (-l)l“la, (1.4) 

for homogeneous a G R, p{A) denotes the matrix (p(aij)) and A = (aij) for A = (aij). The 
generalized orthosymplectic superinvolution determines a Lie superalgebra over k: 

oTp^|2„(A, -) := {A € M^|2„(i?)|A°^P = -A}, (1.5) 

on which the Lie superbracket is given by the standard super-commutator of matrices. Its derived 
Lie sub-superalgebra 

) ■ [®^Pm|2n(^! )i^^Pm|2n(^i )]i (I’®) 

is called a generalized orthosymplectic Lie superalgebra coordinatized by {R,~). 


A 
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osp 


Generalized orthosymplectic Lie superalgebras realize many important finite-dimensional or 
infinite-dimensional Lie superalgebras when {R, ~) varies. Their universal central extensions have 
been studied separately by many mathematicians. In the especial case where the base ring k is 
the field C of complex numbers, we view C as an associative superalgebra with zero odd part and 
identity map is a superinvolution on C. Then the above realization of a generalized orthosym¬ 
plectic Lie superalgebra exactly gives the ordinary orthosymplectic Lie superalgebra osp,^| 2 „ (C) 
as decribed in [12], which provides us with the finite-dimensional simple complex Lie superalge¬ 
bras of type B{m,n)^ C{n) and D{m,n). The universal central extensions of these simple Lie 
superalgebras have been given in [6]. 

If i? is a unital super-commutative associative algebra over an arbitrary base ring k with 2 
invertible, we will see in Section 2 that identity map is a superinvolution on R and osp^| 2 „ (i?,id) 
is isomorphic to the Lie superalgebra osp^| 2 „(k) Gik R. These Lie superalgebras have been demon¬ 
strated to be crucial in root graded Lie superalgebras of type C{n) and D{m,n) (c.f. [I, 2]). 
Under the assumption that R is super-commutative, the Lie superalgebra osp,^| 2 „(k) Gt R has 
also been interpreted using the language of bilinear forms in [7] . The universal central extensions 
and second homology groups of these Lie superalgebras have been completely determined in [10] 
and [11]. 

For a unital associative superalgebra R that is not necessarily super-commutative, the gener¬ 
alized orthosymplectic Lie superalgebras osp^|2„(7?, “) also realize a series of important objects 
in Lie theory. For instance, an arbitrary unital associative superalgebra S and its opposite su¬ 
peralgebra S°^ give rise to a new associative superalgebra S 0 S'°p, on which the k-linear map 
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ex : S' © S°P —S © S°p that exchanges the two direct summands is a superinvolution. We will see 
in Section 2 that the generalized orthosymplectic Lie superalgebra osp^| 2 „(S© S°p, ex) is isomor¬ 
phic to the special linear Lie superalgebra s[m| 2 n('S'), that is the derived sub-superalgebra of the 
Lie superalgebra 0 lrn| 2 n('S') of all (m + 2n) x (m + 2n)-matrices with entries in S. Recent research 
[5] on the universal central extension of the special linear Lie superalgebra slm|„(S)^ yielded the 
notion of Steinberg Lie superalgebras coordinatized by S and established the connection between 
the second homology group of and the first Z/2Z-graded cyclic homology group of S. 

This indeed a super-version generalization of the remarkable results about the universal central 
extension of the Lie algebra s[„(5') given in [13]. 

A generalized orthosymplectic Lie superalgebra coordinatized by a unital associative superal¬ 
gebra with superinvolution can also be regarded as a generalization of an elementary unitary Lie 
algebra coordinatized by a unital associative algebra with anti-involution. In the case of n = 0, 
osp^|o(R, “) is indeed an elementary unitary Lie algebra in the sense of [9] provided that R is 
a unital associative algebra (that is viewed as an associative superalgebra with zero odd part). 
For m ^ 5, the universal central extensions of these elementary unitary Lie algebras have been 
demonstrated to be the Steinberg unitary Lie algebras, which leads to the identification between 
the second homology group of an elementary unitary Lie algebra and the first skew-dihedral homol¬ 
ogy group of its coordinates algebras for m ^ 5 [9] . The Steinberg unitary Lie algebras have also 
been successfully used in the study of the compact forms of certain intersection matrix algebras 
of Slodowy [8]. 

Our primary aim in this paper is to explicitly characterize the universal central extensions of the 
generalized orthosymplectic Lie superalgebras osp^| 2 „(i?, “) for positive integers m and n. We will 
work under a quite general setting that k is a unital commutative associative ring with 2 invertible 
and [R, ~) is an arbitrary unital associative k-superalgebra with superinvolution. Our aim will be 
achieved via introducing the notion of Steinberg orthosymplectic Lie superalgebra ai0m\2n (Rr) 
coordinatized by (i?, ) (See Section 3). Then, we will prove in Section 4 that the canonical 
homomorphism ip : st 0 m| 2 n(-f^j ~) osp^| 2 „(R, ~) is a central extension for (m,n) ^ (1,1), 

whose kernel is identified with the first Z/2Z-graded skew-dihedral homology group _HD 2 (i?, “) 
as described in [3]. As will be stated in Section 5, the central extension ip : 5t0m\2n {R,-) ^ 
osp^| 2 „(i?, ) turns out to be universal for {m,n) ^ (2,1), (1,1). The cases of osp 2 | 2 (-^, ) 
osp]^| 2 (R, ~) are exceptional. We will provide a concrete construction for the universal central 
extension of osp 2 | 2 (R, ~) under certain assumption in Section 6. Finally, the universal central 
extension of osp]^| 2 (R, ~) will be obtained in Section 7. It yields an interesting result that the 
second homology group of the Lie superalgebra ospi| 2 (R, “) for an arbitrary (i?, “) can be explicitly 
characterized using a modified version of the first Z/2Z-graded skew-dihedral homology group. 

In summary, our results encompass explicit characterizations of the universal central exten¬ 
sions of osp^| 2 „(R, “) for (m,n) ^ (2,1) and {R,~) an arbitrary associative superalgebra with 
superinvolution (see Theorem 5.3 and Theorem 7.12), as well as the universal central extension 
of osp 2 | 2 (R, ~) for {R,~) satisfying certain assumption (see Theorem 6.6). Consequently, we re¬ 
veal the second homology groups of all these Lie superalgebras (see Corollaries 5.4, 6.7 and 7.13). 
Our results recover the consequences about the universal central extensions of the Lie superalge¬ 
bras osp^| 2 „(C), osp^| 2 „(k) ©k R for a unital supercommutative associative superalgerba R and 
a\-rn\ 2 n(.S) for a unital associative superalgebra S, which have been separately obtained in [6], [10] 
and [5]. 

Notations and terminologies: 

Throughout this paper, Z, Z+ and N will denote the sets of integers, non-negative integers and 
positive integers, respectively, k always denotes a unital commutative associative base ring with 
2 invertible. All modules, associative (super)algebras and Lie (super)algebras are assumed to be 
over k. 

^The universal central extension of b 1^|„(S) under different assumptions has also been studied in [14] and [4] 
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We always write Z/2Z = {0,1}. For an element x of an associative or Lie superalgebra, we 
use \x\ to denote the degree of |a;| with respect to the Z/2Z-grading. 

Let R be an associative superalgebra. Then M„|„(i?) and Mmxn(.R) will denote the 

associative algebra of all m x m-matrices with entries in R, the associative superalgebra of all 
(m + n) X (m + n)-matrices with entries in R and the set of all m x n-matrices with entries in R, 
respectively. The notation eij(a) means the matrix with a at the (i, j)-position and 0 elsewhere. 
Given an associative superalgebra {R,~) with superinvolution, we set 

R± := {a € R\a = ±a}. (1-f) 

Note that 2 is invertible in k, we know that R = R+ 0 i?_ as k-modules. For an element a G R, 
we denote a± := a±d G R±. 

2 Basics on generalized orthosymplectic Lie superalgebras 

In this section, we will discuss the perfectness and generators of the generalized orthosymplectic 
Lie superalgebra osp^| 2 „(i?, “) coordinatized by an associative superalgebra {R,~) with super¬ 
involution. The consequences will be used in our discussion on Steinberg orthosymplectic Lie 
superalgebras and central extensions of osp,^| 2 ji(i?, “) later. 

It is easy to observe from the definition (1.5) that every element of osp^| 2 „(i?, “) is of the form 

(a B 

C Dll Di 2 

D21 -D\i ) 

where A G Mm(R), B,C* G Mmxn(D) and Du, D 12 , D 21 G satisfy A* = —A, D *2 = D12 

and D 21 = D 21 . The generalized orthosymplectic Lie superalgebra osp^| 2 „(i?, “) is the derived 
Lie sub-superalgebra of the Lie superalgebra osp^| 2 „ (D,-),i.e., 

)i )]■ 

Before proving the properties of osp^| 2 „(i?, “), we first give a few examples: 

Example 2.1. Let R be a unital super-commutative associative superalgebra on which the identity 
map is a superinvolution. Then 


0SPm|2n(-R,id) = 0 Sp^| 2 „(k) 0k R, 

for m,n G Z_|_ with to + n ^ 1. 

Proof. Under the assumption that R is super-commutative, an isomorphism from osp^| 2 „(k) 
onto osp^| 2 „(i?, id) can be given as follows: 

05p^|2n W 0Sp^\2n{R: 1^), 

^m+n+/,m+n+/c) ^ ^ ^ ^m+fc,m+/(p(^)) ^7n-\-n-\-l,m-\-n-\-k{pi^')'} i 

{^m-\-k,m-\-n-\-l ^771+^,m+n+/c) ^ G, I—)■ i 

{^m-\-n-\-k,m-\-l G77i+n+^,m+/c) ^ ^ €m+n+Z,77i+fc (p(^)); 

(^^i,m-\-k “1“ ^77i+n+fc,i ) 0 (7- I—)■ H- 6m-\-n-\-k,i{(^'} ■) 

(Crri+fc,2 C2,m+n+/c) 0 a I em-\-k,i{(^') ^2,m+n+A: (p(a)) , 

where p is the k-linear map given by (1.4). 


R 
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Example 2.2. Let S be an arbitrary unital associative superalgebra and S°^ be the opposite 
superalgebra of S with the multilication 

( 2 . 1 ) 

for homogeneous a,b € S. Then the associative superalgebra S 0 5"°^ is naturally equipped with 
the superinvolution 

ex:S'0S'°P^S'0S'°P, a®b^b®a. (2.2) 

In this situation, the generalized orthosymplectic Lie superalgebra osp^| 2 „(>S'0 S'°p, ex) is isomor¬ 
phic to the Lie superalgebra slrn,| 2 n(‘S') for m,n € Z+ with m n ^ 1. 

Proof. Indeed, there is an isomorphism from the Lie superalgebra 0[m|2n(*5') to the Lie superalgebra 
osp^| 2 „(S' 0 S'°P,ex) given as follows: 

9^m\2niS) osp^|2^(5'0 5°P,ex) 

eij{a) (-)■ eij{a 0 0) - eji{0 0 a), 

6z,m+/c(^) ^ 0 0) 0 0 

^i,m-\-n-\-kio,) ^i,m-\-n-\-k{^ 0 0) 0 

^m-\-k,i{^) €z,77i+n+fc(0 0 p(^)) “1“ ^m-\-k,i{^ 0 0); 

^m+fc,77i+^ (^) G'm-\-k,m-\-l{Oj 0 0) em-\-n-\-l,m-\-n-\-k{^ 0 

^m+fc,77i+n+^ (^) ^TTi+fc,m+n+/(O' 0 0) 0 em-\-l,m-\-n-\-k{^ 0 
^m+n+fc,-! (^) ^ ei,m+fc(0 0 p{a)) 0 em+n+k,i{o. 0 0), 

Om+n+k,m+lio') ' t em+n+fc,m+/(a 0 0) 0 a), 

Om+n+A:,m+n+/(a) ' t Cm^l^rn-eki^ 0 a) 0 em-\-n-\-k,m-\-n-\-li.O: 0 0), 

for a G S' and 1 ^ i, j ^ m, 1 ^ fc, / ^ n. It further yields that osp^| 2 „(S 0 S°p, ex) is isomorphic 
to S[,7^|2n(S). fH 

Example 2.3. Suppose that the base ring Ik is an algebraically closed field of characteristic zero. 
Then the associative superalgebra M;|;(k) for I £ N has the periplectic superinvolution given by 


[A 

bY^p 

fD* 

-B^\ 

ic 

d) '■ 

\ C* 

A* J 


The generalized orthosymplectic Lie superalgebra osp^| 2 „(M;|;(k),prp) is isomorphic to the ordi¬ 
nary periplectic Lie superlagebra p(m+ 2 Ti)i(I^) t/iat is the derived Lie sub-superalgebra of 

P(m+2n)i(II^) = G M(^+2n);|(m+2ra)z(ll^)l^^’'^ = ~^}- 

Proof. We first deduce from [3] that the associative superalgebra Mm| 2 „(M;|;(k)) is isomorphic to 
the associative superalgebra M(m+2n)i|(m+2Ti)i(ll^)- Hence, the orthosymplectic superinvolution a 
on M„| 2 „(M;|;(k)) induces an superinvolution a on M(„_|_„);|(„_|_„);(k). We first claim that a is 
equivalent^ to the periplectic superinvolution on M(„_|_ 2 „)i|(m+ 2 n)i(II^)- By [16, Propositions 13 and 
14], it suffices to show that the even part M(^_|_ 2 „);|(m+ 2 n)z(Ils)o has no nonzero proper two-sided 
ideal that is invariant under a, or equivalently, the even part Mm| 2 n(M;|;(k))o has no nonzero 
proper two-sided ideal that is invariant under cr. 

The k-module Mm| 2 „(M/|;(k))o is spanned by: 

fA 0\ fB 0\ (B 0\ 

1 Q U j ’ 0.ra+j,m+i' I q ^j, e-m+j,m+n+j' I q 

^Two superinvolution cri and a 2 on a given associative superalgebra R are said to be equivalent if there is an 
automorphism of superalgebras (p : R R such that ai o ip = ip o cr 2 . 
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B 0 
0 A 


; ^m-irn-irj^m+n+j' 


B 0 
0 A 


where A, i? G M;(k), 1 ^ ^ rn and 1 ^ j,j' ^ n. 

Let A be the k-submodule of Mm| 2 „(M;|;(k))o spanned by 






is 

oJ 

5 1 

oj 




0 B 


0 A 
B 0 




(A 

o\ 

/o 

o\ 

(o 

o) 

, e-m+ 3 ,m+j' 1 Q 

a) 


0 0 


; ^m+j^m+n+j' 


0 0 


0 0 
0 A 


0 A 


Sm+n+j,m+j' ^ q j ’ ^rn+n+j,m+n+j' ^ q ^ j ^ q q j , 

fo 0 

, £m+n+j,i I ^ Q 

for A G Mi(k), 1 ^ ^ m and 1 ^ j,j' ^ n. Let B be the k-submodule of M^| 2 „(M;|;(k))o 

spanned by 


fo 



o\ 

io 

oj 

? 1 

oj 


0 0 

1^0 B 


5 


B 0 
0 0 


1 ^m-\-j,m+n+j' 


B 0\ 

0 oj ’ 


B 0 
0 0 


1 6m+n+_7,m-t-n-t-j' 


B 0 
0 0 


0 

0\ 

fo 

B\ 

is 

oj 

, e-m+j,z 1 Q 

oj 


; ^i,m+j 


0 B 


0 0 
B 0 


where B G M;(k), 1 ^ z,i' ^ m and 1 ^ j, j' ^ n. 

Then both A and B are two-sided ideals of Mm| 2 „(M;|;(k))o and 

Mm|2n(Mi|;(k))o = A®B. 

Moreover, both A and B are isomorphic to M(m+ 2 „)i(k) as associative algebras and cr{A) = B. It 
follows that 

(M„| 2 „(M;|,(k))o,cr|) = (M(„+ 2 «)z(k) ©M(„+ 2 »)i(k)°'',ex) 

as associative superalgebras with superinvolution. Hence, the superinvolution a on the associative 
superalgebra M(„_|_ 2 „)i|(m+ 2 n)i(I^) is equivalent to the periplectic superinvolution, which proves 
the claim. 

Now, we conclude from the claim that 


0SPm|2n(Mi|i(k),prp) ^p(m+2u)li 

which yields the desired isomorphism. 


□ 


Example 2.4. Suppose that the base ring k is an algebraically closed field of characteristic 
zero. Then the associative superalgehra Mj,| 2 ;(k) for k,l G with k + I f: 1 possesses the or¬ 
tho symplectic superinvolution. In this situation, the generalized ortho symplectic Lie superalgebra 
0 SPm| 2 n(Mfe| 2 /(lk),osp) is isomorphic to osp(„fe+ 4 „,)| 2 („fe+w)(Ik) for m,n G Z+ with m-Pn ^ 1. 

Proof. The proof is similar to Example 2.3. Let a be the orthosymplectic superinvolution on 
Mm,| 2 n(Mfc| 2 i(k)) defined by (1.3). It induces a superinvolution a on M^rnk-i- 4 ni)\ 2 imi+nk)i'^)- We 
will show that a is equivalent to the orthosymplectic superinvolution on M(mfc+ 4 „;)| 2 (mZ-i-nfe) (I^)- 
It suffices to show that the even part M^| 2 „(Mj,| 2 ; (k))o has a nonzero proper two-sided ideal that 
is invariant under a [16, Propositions 13 and 14]. 

Let A be the k-submodule of M^| 2 „(Mfc| 2 /(k))o spanned by 


Oi V 


fA 

o\ 

fo 

o\ 

io 

oj 

, Bm-i-j.m-kj' 1 Q 

sj 


0 0 


6 


^m+n+_7,m+j 
^i,m+n+j 


0 0 
0 D 


0 0 

; £m+n+j,m+n+j' ( q jj 




/ 0 

0l 

(o 

o) 

; S-m+j,i 1 

oj 


0 0 
B* 0 


0 B 
0 0 


for A G Mfc(k), B G Mkx 2 i(k), D G M 2 /(k), 1 ^ < m, 1 ^ j,/ < n. Let B be the k-submodule 

of M„| 2 „(Mfc| 2 i(k))o spanned by 


fo 

0\ 

[A 


(o 

d) 

; e-m+j,m+j' 1 Q 

oj 


6?' 


(A 0 

Sm+n+j,m+j' I q q 


A 0 


5 ^m+n+j,7n+n+j' 


A 0 


^z,m+n+j 


f 0 

0\ 

(0 

B\ 

[b* 

oj 

; s-m+j.z 1 Q 

oj 


0 0j ’IOj’ 

0 B'' 


0 0 


for A G Mfe(k), B G Mkx2i(k), D G M2i(k), 1 ^ < m, 1 ^ j,j' ^ n. 

Then both A and B are two-sided ideals of M^| 2 „(Mfe| 2 ;(k))o that are invariant under a. We 
also observe that M^| 2 „(M;j| 2 ;(k))o = A®B. Furthermore, under the isomorphism between the 
associative superalgebras M„| 2 „(Mfc| 2 i(k)) and Mi^^k+ini)\ 2 {mi+nk){^), we have A = Mmk+ini(k) 
on which the restriction of a is of the orthogonal type, and B = M 2 (mi+nk) (1^) on which the restric¬ 
tion of cr is of the symplectic type. Hence, a is equivalent to the orthosymplectic superinvolution 
on M(^fc+ 4 ^/)| 2 (nfc+m/) W, wliich implies that 

(k), OSp) ^^P(mk-\-4nl)\2{ml-\-nk)0^') 


and their derived Lie sub-superalgebras are also isomorphic. 


□ 


The rest of this section will be devoted to prove the perfectness of osp^| 2 „ {R, ) for an arbitrary 
unital associative superalgebra {R,~) with superinvolution and to calculate the generators of 
osp^| 2 „(i?, ~). We introduce the following notation: 

(^) ■ — 

(o) ^m+n+l,m+n+k{^): 

’^kl{^) ■ — (^m+k,m+n+l{(^') T ^m+l,m+n+k{^}: 

'^kl{^) ■ — Gjri+n+k,m+lio.') T ^m-t-n-t-/,m+A:(a), 

fik{^) ■ — ^i,m+k{o^) “t” ^m+n+k,iipi^)) ^ 

9kii^') ■ — Cm-t-fcy(a) 6i^rn+n+kip{^')') ^ 

where a G R, 1 ^ *,J ^ to and 1 ^ k, I ^ n. These elements will serve as generators of 
osp^| 2 „(i?, “). We first provide an explicit description for elements of 05p^|2„ (i?,-). 

Lemma 2.5. Let m,n gN and {R,~) h unital associative superalgebra with superinvolution. 
Then every element x G osp^| 2 „(i?, “) is written as 

m 

X =eii(a) + ^(eii(ai) - eii(ai)) + ^ Ujiaij) 

i—2 l^icij^m 

n 

+ '^{ukk{dk) + eii{p{dk) - p{dk))) + ^ Uki{dki) 

k—1 l^k^l^n ^ . 

(2-3) 

^ ^ (€m+fc,m+n+fc ^m+n+fc,m+fc E i^kiid'ki) + Wkiidki)) 

k—1 l^k<Cl^7i 

E ^ ^ i^fiki^ik'} dkii^C-ki')') ■; 

l^i^m 

l^k^n 
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where a,ai € R-,aij,bikTCki,dki,d'^i,d'li,dk G R, and d'^.,d'l. G R+ are uniquely determined by x. 
Moreover, x G osp^| 2 „(i?, ~) if and only if a € [i?, i?] fl i?_. 


ni?_. 

Since ^ G 


Ukk{dk) 


we deduce that 


LS. We now show that 

X e osp„| 2 „(i?, ) if and only 

if a G 

[til (^z) 5 (^)] J 

for i = 2,... ,m, 

(2.4) 

-\[9ki{d'k),9ki{P)], 

for fc = 1,..., n. 

(2.5) 

■^[fikidk), fiki^)], 

e 

II 

(2.6) 

[llfcl (1); flk (dfc)], 

e 

II 

(2.7) 


for 1 ^ z j ^ m. 

(2.8) 

[9kl{dkl), /i/(l)], 

for 1 ^ fc ^ ^ ^ n. 

(2.9) 

-{9ki{d'ki),gii{l)], 

for 1 ^ fc ^ ^ n. 

(2.10) 

[flk{P),fll{dki)], 

ioT 1 ^ k ^ 1 ^ n, 

(2.11) 

[fik{bik\ 

for 

(2.12) 

(1) ? 9ki (Ofcz)], 

for l^z^TO, 

(2.13) 


where a* G i?_, d'^,dl G R+ and aij,bik,Cki,dki,d'^i,d'li G R. 

Hence, all items except eii(a) appeared in the decomposition (2.3) of x are contained in 
the derived Lie superalgebra osp^| 2 „(i?, “)• The problem is reduced to proving that eii(a) G 
osp^| 2 „(i?, “) if and only if a G [i?, i?] ni?_. 

If a G [R, i?] n R-, we write a = with a', a" G R and compute that 


([/n(a'),ffn(a")] - (-l)l“^ll<l[/ii(l),5ii(a"a')]) = en 




] - [<:<]) = 2eii(a), 


which yields that eii(a) G osp^| 2 „(i?, ) since 2 is invertible in R. 
Conversely, we define a k-linear map 



( ^ 

B 

-Picf\ 

^ ■ ‘^^Pm\2n{di, ) ^ R-, 

c 

Dll 

Di 2 \ ^TY{A)-Tr{p{Dii)-p{Dii)). (2.14) 


\p{Bi 

D 21 

-^11 ) 


Then it is directly verified that e(x) G fl i?_ for every element x G osp^| 2 „(i?, )■ Hence, 

eii(a) G osp^| 2 „(i?, “) implies that e(eii(a)) = a G [i?, i?] fl R-. This completes the proof. □ 

Now, we may proceed to state and prove the main proposition in this section. 

Proposition 2.6. Letm,n G N and {R,~) a unital associative superalgebra with superinvolution. 

(i) There is an exact sequence of Lie superalgebras 

R 

0 0Sp^|2„(i?, ) -)■ 0Sp^|2„(i?, ) -^ PI ^-^ 


(a) The Lie superalgebra osp^|2„(i?, ) is the Lie sub-superalgebra o/0[^|2„(i?) generated by 
Ujia), Uki{a), Vki{a), Wki{a), fi’k'{a) and gk'i'{a) for a £ R , 1 ^ i',i,j ^ m with i ^ j and 
1 ^ k',k,l ^ n with k ^ 1 . 

(Hi) The Lie superalgebra osp,„| 2 „(i?, “) is perfect, i.e., 

) {^^Pm\2n{di, ): ^^Pm\2n{di, )]■ 
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Proof, (i) We consider the surjective Hinear map: 

£ • hi R-), 

where e is the k-linear map defined in (2.14). It follows from Lemma 2.5 that osp^| 2 „ (Rr) = 
ker(£). Hence, we obtain an exact sequence of k-modules: 

R 

0 ^ 0SPm|2n(-Ri ) [i? i?] fl i?-^ 

in which all k-linear maps are homomorphisms of Lie superalgebras since R-/{[R, R] fl R-) is a 
super-commutative Lie superalgebra. Hence, it is an exact sequence of Lie superalgebras. 

(ii) Let X G osp^| 2 „(i?, “). It follows from Lemma 2.5 that x is written as 

m 

X =eii{a) + '^{eii{ai) - eii{ai)) + ^ Ujiaij) 

i—2 

n 

+ '^{ukk{dk) + eii{p{dk) - p{dk))) + ^ Uki{dki) 

A:—1 
n 

+ ^ 'X Sm+k,m+n+k{dk) P Gm+n+k,m+k{dk)) P ^ ( (.'^kl{dkl) Wkl{dy.i)) 

k—1 l^k<l^n 

^ ^ ^ {fikipik') H” (cfci)) 1 

l^k^n 

where a G [i?,i?] fl G R-,aij,bik,Cki,dki,d'i^i,d'li,dk G R, and d'^.,d'f. G R+ are uniquely 

determined by x. 

Thus, we deduce from (2.4)-(2.7) that x — eii(a) is generated by tij{a), Uki{a), Vki{a), Wki{a), 
fik(p), gkiifl) with a€R, and 1 ^ k ^ I ^ n. Moreover, for a G [i?, i?] fl i?_, we 

write a = X] [®i! deduce that 

i 

This proves (ii). 

(iii) By (ii), the Lie superalgebra osp^| 2 „(i?, ~) is the Lie sub-superalgebra of fllm| 2 n(^) 
erated by tij{a), Uki{a), Vki{a), Wki{a), fi'k'ia), gk'i'{a) for a G i?, 1 < i',ij < m with i ^ j and 
1 ^ k\k,l ^ n with k ^ 1. Hence, it suffices to show that these generators are contained in the 
derived superalgebra [osp„| 2 „(i?, ”), osp^| 2 „(i?, ")]. 

We have shown in (2.8)-(2.11) that ty (a), Uki{a), Vki{a), and Wki(a) are contained in the derived 
Lie superalgebra [osp^| 2 „(i?, ~), osp^| 2 „(i?, “)] for a G i?, 1 < i j < to and 1 < fc < n. We 

also observe that Wfcfc(l) = [5fei(l), /ifc(l)] G osp„| 2 „(i?, “) for /c = 1,..., n, and hence 

/*fe(a) = [/ife(a),ufcfc(l)] G [osp^|2„(i?,’),osp„|2„(i?,“)], 
gkz{a) = [ukk{l),gki{a)\ G [osp^| 2 „(i?, ”),osp„| 2 „(it:, ")], 
for a £ R, l^z^TO and 1 ^ fc ^ n. This proves (iii). □ 

3 Steinberg orthosymplectic Lie superalgebras 

We will introduce Steinberg orthosymplectic Lie superalgebras coordinatized by a unital associative 
superalgebra (i?, “) with superinvolution in this section. It will play crucial role in the study of 
central extensions of the Lie superalgebra osp^| 2 „ (i?,-). 
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Definition 3.1. Let TO,n G N and {R,~) be a unital associative superalgebra over k with su¬ 
perinvolution. The Steinberg orthosymplectic Lie superalgebra coordinatized by denoted by 

st0m\2niR: is the abstract Lie superalgebra generated by homogenous elements ty (a), Ufc;(a), 

Vfe;(a), Wfe;(a) of degree |a| and homogeneous elements fi/fc/(a), gk'i'{a) of degree 1 -f |a| for homo¬ 
geneous a G R, 1 ^ i',i,j ^ m with i ^ j and 1 ^ k', k,l ^ n with k ^ 1. The defining relations 
for st 0 m| 2 n(^, ~) are given as follows: 


ty , Ufc/, Vfei, Wfci, fi/fc/, gfc/i/ are all k-linear. 


(STOOD) 

(a) — 

for i ^ j. 

(STOOl) 

'Vkiia) = Vifc(d), and vfki{a) = ’Wifc(d), 

for k ^ 1 , 

(STO02) 

[t 22^ (a) , tj/j (6)] — ty(u6). 

for distinct i,i',j, 

(STO03) 

[ty (a), (6)] = 0, 

for distinct i,j,i',j', 

(STOOl) 

[ty(a),Ufci(&)] = [ty(a), Vfei(6)] = [ty (a), Wfci(&)] = 0, 

for i ^ j and k ^ 

(STO05) 

[ukk'{a),Uk'i{b)] = Uki{ab), 

for distinct k,k' , 1 , 

(STO06) 

[ufci(a),Ufc/;/(6)] = 0, 

toi k ^ 1 ^ k' ^ 1' ^ k, 

(STO07) 

[ufcfe/(a), Vfc/i(&)] = Vki{ab), 

for distinct k,k' , 1 , 

(STO08) 

[uki{a),Vk'i'{b)] = 0, 

for k ^ 1 ^ k' ^ 1' ^ 1 , 

(STO09) 

[wik'ia),Uk'k{b)] = wik{ab), 

for distinct k,k' , 1 , 

(STOlO) 

[wf;-fc/(a),Uife(6)] = 0, 

for k ^ 1 ^ k' ^ 1' ^ 1 , 

(STOll) 

[vfci(a), Vfc'z'(&)] = [wfci(a), Wfc/p(6)] = 0, 

for fc 7 ^ / and k' ^ 1' , 

(ST012) 

[vfcfc'(a),’Wfe/i(&)] = Uki{ab), 

for distinct k,k' , 1 , 

(ST013) 

[vki{a),Wk'i'{b)] = 0, 

for distinct k,l,k' J', 

(STOll) 

[ty (a),fi/fc(6)] = Si>jfik{ab) - 6i>itjkidb), 

for i ^ j. 

(ST015) 

[gfci/(a),ty (&)] = 5i'igkj{ab) - 5i-jgki{ab), 

for i ^ j. 

(ST016) 

[fife' (a) , (6)] — Skk'^ili^b^j 

for /c 7 ^ /, 

(ST017) 

[u;fc(a),gfc/i(6)] =Sk'kgH{ab), 

for k ^ 1, 

(ST018) 

[vfci(a),fiz/(6)] = {-ly^^iSingkiiab) + drkgiiidb)), 

for k ^ 1, 

(ST019) 

[gk'i{a),Vki{b)] = 0, 

for k ^ 1, 

(STO20) 

[wki{a),tik'ib)] = 0, 

for k ^ 1, 

(ST021) 

[gk'iia),Wkiib)] = -(-l)l“l(4'fcfi;(d&) -f Sk'Akidb)), 

for k ^ 1, 

(ST022) 

[^ik{a),i^l{b)] = (-l)l“lwfcz(d6), 

for k ^ 1, 

(ST023) 

[f*fc(a),f,z(6)] = 0, 

for i 7 ^ j, 

(ST021) 

[gki{a),gu{b)] = -(-l)l^lvfci(a6). 

for k ^ 1, 

(ST025) 

[gkiia),gij{b)] = 0, 

for i 7 ^ j. 

(ST026) 

[tikia),gij{b)] = Skitij{ab), 

for i 7 ^ j. 

(ST027) 

[gfci(a),fi;(&)] = Uki{ab), 

for k ^ 1, 

(ST028) 


where a,b G R are homogeneous, 1 ^ i, j, i', j' ^ m and 1 ^ fc, /, fe', V ^ n. 

Recall from Proposition 2.6 that the Lie superalgebra osp^| 2 „(R, ~) has a family of generators 
consisting of ty(a), Ukiifl), Vki{a), wuia), fi'k'{o) and gk'i'ifl), where a G R \s homogeneous, 
1 ^ i',i,j ^ rn with i ^ j and 1 ^ k',k, I ^ n with k ^ 1. These generators essentially satisfy all 
the relations (STOOO)-(ST028). Hence, there is a canonical epimorphism of Lie superalgebras 

^ . 5tOYfi\2niRi ) ^ ^^Pm\2ni^^ ) (^■^) 

such that 

ip(tij{a)) = ty(a), ipiukiia)) = Uki{a), '0(v/ci(a)) = Vki{a), 
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'0(wfcj(a)) = Wki{a), 


tp{Uk'{a)) = /i'fc'(a), 


V'(gfc'»'(a)) = 9kH'{a), 


for a £ R, 1 ^ i', i, j ^ m with i ^ j and 1 ^ k' ,k,l ^ n with k ^ 1. 

Our primary aim is to show that (3.1) is a central extension if (m,n) ^ (1,1) and to further 
describe the universal central extension of osp^| 2 „(l?, “) for m,n € N. In this section, we first 
prove the perfectness of 5i0m\2n{R^ ~) and give a decomposition of si 0 m\ 2 niR, ”)■ 

Proposition 3.2. The Lie superalgebra sl0m\2niRj ~) is perfect for (m,n) (1,1). 

Proof The Lie superalgebra st0m|2n(.R, “) is generated by ty(a), Ufci(a), Vki{a), Wfc/(a), fi'fc'(a) 
and gk'i' (o), where a € R, 1 ^ i',i, j ^ m with i j and 1 ^ fc', fc, / ^ n with k 1. By (ST027), 
(ST028), (ST025), (ST023), the generators ty(a), Ufei(a), Vki{a) and -Wki{a) are contained in 
the derived Lie superalgebra [st0m|2n(.R) ~),-St0m|2n(.R) ”)]• 

Since {m,n) (1,1), we have m ^ 2 or n ^ 2. Then (ST015) and (ST016) imply that 

fi/fc'(a) and gk'i'ia) are contained in the derived Lie superalgebra {5i0m\2n(.Ri ~), st0m|2n(.R, ”)] if 
m ^ 2, while (ST017) and (ST018) yield that fi'fc'(a) and gk'i'(a) are contained in the derived 
Lie superalgebra [st 0 m| 2 „(l?, ~),st 0 m| 2 „(l?, “)] if n > 2. Hence, the Lie superalgebrast 0 m| 2 „(7?, ~) 
is perfect. □ 

The generalized orthosymplectic Lie superalgebra osp^|2„(7?, “) is a Lie sub-superalgebra of 
0(„|2„(7?). Hence, it is decomposed as a direct sum of k-modules: 


®®Pm|2ri(77, ) asp^|2„(7?, ) 0 0Spyyj|2„(7?, ), 


where osp((j|2„(7?, “) consists of all diagonal matrices in osp^|2„(7?, “) and osp;'„| 2 ra('^’ ~) consists 
of all matrices in osp^|2„(7?, “) with 0 diagonal. Then osp((^|2„(7?, “) is a Lie sub-supealgebra of 
osp^|2„(7?, “). Although osp)^|2„(7?, “) is not a Lie sub-superalgebra of osp^|2„(7?, “), we have 


[^®Pm|2n('^! )i *^'®Pm|2n(-^i )] — ^®Pm|2n('^i )' 


In order to figure out a similar decomposition for st0m|2n(7?, ), we denote the following elements 
of slo„^|2n(7?, “) for m,n € N: 


hik(a,b) : = [fk{a),gki{b)], 
Vk{a) : = -[gfei(a),gfci(l)], 
Wfc(a) : = [fifc(l),fifc(a)], 


where a,b G R, 1 ^ i ^ m and 1 ^ k ^ n. Using the relations (STO01)-(STO28), we may deduce 
the following Lemmas 3.3, 3.4 and 3.5 through direct computation. 

Lemma 3.3. The following equalities hold in the Lie superalgebra si0m|2n(77, ~) for m,n G N; 


[hik{a,b),tij{c)] 
[hife(a, b), tjj' (c)] 
[hik{a,b),Uki{c)] 
[hik{a,b),uik{c)] 
[hik{a,b),uu>{c)] 
[hik{a,b),Vki{c)] 
[hik{a,b),vu>{c)] 
[hik{a,b),'Wki{c)] 
[hife(a, 6),w;//(c)] 
[hik{a,b)Jii{c)] 


tij{abc — abc), 

0 , 

_(_l)(kl+i)(|6|+i)ufei(&ac), 

0 , 

ac), 

0 , 

_(_l)(kl + l)(|6| + l)wfei(tec), 

0 , 


fii{abc — abc), 


for i ^ j. 


for distinct i,j,j', 


for k^l, 
for k^l, 


for distinct k, I, I', 

for k^l, 

for distinct k, I, I', 

for ky^l, 

for distinct k, I, I', 

for k^l, 
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[h,k{a,b),iji{c)] = 0, 

[gii{a),h.ik{b,c)] = gii{abc - abc), 
[gkMMkib,c)] = -(-l)l“ll''l+l''ll^l+l'=ll“lgfc,(c6a), 
[gij{a),h,k{b,c)] = 0, 


for i ^ j, 

for i j and k ^ I, 
for k^l, 
for i 7 ^ j, 

for i ^ j and k ^ I, 


where a,b,c€ R are homogeneous, 1 ^ ^ rn and 1 ^ k, 1,1' ^ n. 

If in addition (m,n) (1,1), we also have 

[hik{a, b), fjfc(c)] = fjfc(afoc - abc - (-l)l“ll'’l+l'’ll'=l+l^ll“lc&a), 
[gfci(c),hifc(a, 6)] = gki{cab-cab- (-l)l“ll'’l+l'’ll°l+l'=ll“lfoac), 


for homogeneous a,b, c £ R, I ^ i ^ m and 1 ^ k ^ n. 

Lemma 3.4. In the Lie superalgebra si0m|2n(^j ~) with (m,n) ^ (1,1), we have 

Vfc(a) = Vfe(a), anrf Wfe(a) = Wfc(a), 


□ 


for a £ R and 1 ^ fc ^ n. Moreover, the following equalities hold: 


[Sktia),gki{b)] = -(-l)l''lvfc(a6), 
[vfc(a),ty(6)] = 0, 

[ufc/(a), v;fc(6)] = Vk{ab), 
[vfe(a),Wi//(6)] = dki'Uki{a+b), 

[vfe(a),f*/(6)] = {-iy^^5kigkz{a+b), 
[wfc(a),f*z(6)] = 0, 


[fife(a), fife(6)] = (-l)l“lwfc(a6), 

[wfe(a),tij(6)] = 0, 

[wfcz(a),uzfe(6)] = Wfc(a6), 

[vfc/(a),w;/(&)] = 4//Ufc/(a6+), 
[vfc(a),gi*(6)] = 0, 

[g;i(a), Wfe(6)] = -(-I)l“l4ifife(a6+), 


where a,b £ R are homogeneous, 1 ^ z ^ m and 1 ^ k,l,l' ^ n. □ 

Lemma 3.5. The following equalities hold in si0m|2n(^i ~) with (m,n) ^ (1,1); 

[tij(a),tjj(5)] = hjfc(a,5) - foa), for\^i^j^m,\^kifn, 

[ufei(a),Uifc(6)] = -(-l)l“l+l*'l(hjz(a, 6) - hife(l,a6)), for \ -^i ^m,\ ^k ^l ^n, 

[vfcz(a),Wifc(6)] = a) + hu{l,ab)), for 1 i if m,l ^ k I ^ n, 

[vfe(a), Wi(6)] = a) + hjfc(l,6a)), for 1 ^ i if m,l if k,l if n, 


where a,b £ R are homogeneous. □ 

Based on the lemmas above, we obtain the following decomposition of 5i0m\2n{Ri ”)• 

Proposition 3.6. Suppose m,n G N satisfy (m,n) ^ (1,1)- The Lie superalgebra st0m|2n(-Ri ~) 
is decomposed as the following direct sum of k-modules: 

Sf0m|2n(-R) ) = ) ® Sf0m|2n(-^J ); (3-2) 

where st0m|2n('^’ ~) = span,j {hifc(a, b)\a,b £ R,1 ^ i ^ ^ k ^ n} and sto;'^| 2 „(-R, “) is the k- 

module spanned by tij{a), Ufei(a), Vkiia), Vfc(a), Wfe;(a), Wfe(a), fife(a) and gki{a) with a £ R, 
^ ^ i j ^ rn and 1 k ^ I n. They satisfy 

[St0l^|2n(-R> ■).St0m|2n(-R> ■)] ® Si0^|2n(^> ”)• 
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Proof. From Lemma 3.3, we deduce that ) is a Lie sub-superalgebra of si0m\2n{Ri ) 

and 

Note that st0m|2n('^’ ~) ^ sub-superalgebra of si 0 m\ 2 n{R^ ”)• Nonetheless, we may also 

deduce from Definition 3.1, Lemmas 3.4 and 3.5 that 

[St0m|2„(-R: ■)>St0m|2n(-R: ”)] ^ Si0^|2n(^. ”) + St0^|2n(-R> ”)• 

Since all generators of st 0 m| 2 ra(i?, “) are contained in sto^| 2 „(i?, “), it follows that 

Sf0m|2n(-Ri ) = •Si^‘’m|2n(-^J ) + )' (3-3) 

We next show that the above summation is a direct sum of k-modules. Let Q = be a 

decomposition of 0 with respect to (3.3), then 

0 = ip{0) = ip{x^) + 

is a decomposition of 0 in osp^| 2 „(i?, ~), where ijj(x^) is a diagonal matrix and ijj(x^) is a matrix 
with 0 diagonal. Hence, tp{x^) = tp{x^) = 0. Observing that V'lato^ (Rr) injective, we further 
deduce that x^ = 0. This shows the summation in (3.3) is a direct sum. □ 

To conclude this section, we consider the Lie superalgebra st0m|2n(^i ~) in the situation where 
the associative superalgebra (i?, “) is specified to {S 0 S'°P,ex) for an arbitrary unital associative 
superalgebra S. 

Proposition 3.7. Let m,n G N such that {m,n) ^ (I 7 I) cLud S an arbitrary unital associative 
superalgebra. Then 

^f^m|2n {S 0 5°P,ex) ^ si,ri\ 2n (S), 

where stm\ 2 n{S) is the Steinberg Lie superalgebra coordinatized by S [3] and [5]. 

Proof. The proof is similar to [3, Proposition 5.7]. Recall that the Steinberg Lie superalgebra 
sLn| 2 n('S') is the abstract Lie superalgebra generated by homogeneous elements eij{a) of degree 
|i| + bl + |n| for a G R and ^ m + 2n, subjecting to the relations: 


a I—> is k-linear, 

(u), (5)] — E.i}^{^ahf 

[ey(a),efcz(&)] = 0, 

where a,b G R and 1 ^ i,j,k.,l ^ m + n. 

We may define a homomorphism cj) : stm| 2 ra 

(j){eij{a)) =ty(a0O), 

(n)) = fz'fc'(u0 0), 

(j){ei^^rn+n+k’{a)) = -gfc'i'(0 0 p(a)), 

(fiem+k.m+lia)) = Uki{a 0 0), 
<f>{em+k.m+n+lia)) = Vfc; (o 0 0), 

4*{^m+k\m+n+k' (n)) = Vfc/ (u 0 0), 


(STO) 

for distinct J,j, fc, (STl) 

for i ^ j ^ fc ^ ^ f, (ST2) 

st 0 m| 2 n('S' 0 5'°P, ex) such that: 

(j){em+n+k',i'{a)) = fi'fe'(0 ® p(«))7 
(fiem+kGuia)) = Sk'i'ia 0 0 ), 

^A(^m-t-n-t-fc,m-t-n-t-/(n)) = 'U;j;/(0 0 u), 

4^{^m+n+k.m+l (a)) = Wfc/(a 0 0), 

(a)) = Wfc/(a0O), 


where aGS,l^i',i,j^m with i ytz j and 1 Gi k' ,k,l ^ n with k ^ 1. It is an isomorphism since 
it has an inverse : si 0 m| 2 n(<S' 0 S'°P,ex) —>• stm|2n(>5') defined by 

(/)(ty (a 0 b)) = eij{a) - eji{b), 

(fiukiia ® b)) = ^7n-\-k,7n-\-l (^) ^m+n+Z,m+n+fc 
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© ^)) — ^m+fc,m+n+/(^) © ^m+/,m+n+fc (^) 5 
0(wfc/(a 0 6)) = ^m+n+/c,m+Z (^) 0 ^m+n+Z,m+fc (^); 

0 ^)) = ,m-\-k' (^) 0 ^m+n+k' ,i' (p(^)) ; 

0 (SA:^ 2 ^ 0 ^)) — ^m-\-k' ,i' ^z^m+n+A:^ {p(P))-> 

for a^h £ 1 ^ i\ i^j ^ m with i ^ j and 1 ^ k^k^l ^ n with k ^ 1. □ 


4 Central extensions of osp^| 2 „(i?, ) with {m,n) ^ (1,1) 


Given a unital associative superalgebra with superinvolution (i?, “), we have introduced the Stein¬ 
berg orthosymplectic Lie superalgebra st0m|2n(^)~) coordinatized by {R,~) and obtained the 
canonical homomorphism -ip : st0m|2n(^; ~) osp„| 2 „(i?, “)• This section serves for proving that 

Ip : st 0 m\ 2 n{R, ~) osp^| 2 „(i?, “) is a central extension and describing the ker'0. 

Proposition 4.1. Suppose (m,n) ^ (1,1); then the canonical homomorphism 


i’ '■ St0m|2n(l?, ) “>■ 0SPm|2n(^, ) 

is a central extension and hexip C sto((j| 2 „(i?, “), where “) is the Lie sub-superalgebra 

of st0jn\2n{Ry~) o,s defined in Proposition 3.6. 

Proof. Let x G kertp. We will show that x G sto^| 2 „(i?, “) and then prove that x is contained in 
the center of st 0 mi 2 n(R, ”)■ 

Recall that x is decomposed as a; = a;° -|- a;^ with respect to the decomposition (3.2). Hence, 
X G kerfi implies that 

0 = ip{x'^) + 4>{x^) 

in osp^| 2 „(i?, ~). Since tp{x^) is a diagonal matrix and tp{x^) is a matrix with 0 diagonal, it follows 
that tp{x^) = 'ip{x^) = 0. We have known from Proposition 3.6 that V'lato^ (R,-) i® injective. It 
follows that a:^ = 0, and hence 

a; = a;° esio((^|2„(i?,-). 

Next, we will show that x is contained in the center of st0jn^2n{R^ ~)- H suffices to show that 
ada: annihilates a complete family of generators of stOm| 2niR, ), be., 

[a;,t„(a)], [a;,Ufci(a)], [a;,Vfei(a)], [a;,'Wfei(a)], [a;, fi/fc/(a)], [x,gk'i'{a)] (4.1) 


are zero for all a € i?, 1 ^ i', i,j ^ m with i j and 1 ^ fc', fc, / ^ n with k 1. Since 

[•®l^m|2n('^’ )’'®l^m|2n('^’ )] — ®l®m|2n('^’ ) 


and X G •Sto)(^| 2 „(R, ), we deduce that every element in (4.1) is contained in sto)^| 2 „(l?, ). On 
the other hand, all elements in (4.1) are killed by ip since ip{x) = 0. Therefore, we conclude that 
all elements in (4.1) are zero since | (R,^) injective. It follows that x is contained in the 

center of st 0 m| 2 ra(l?, ~) and thus ip : st 0 m| 2 n(l?, ~) osp^| 2 „(i?, ~) is a central extension. □ 

The remaining part of this section is devoted to explicitly describe ker ip. We will show that 
ker'0 can be identified with the first Z/2Z-graded skew-dihedral homology _HD 2 (!?,”). Recall 
from [3, Proposition 6.3] that 


-HDi(i?, ) := £ {R,R)d 


(4.2) 


where {R, R)^ = {R R)/!^ ^^d is the k-submodule of R Gk i? spanned hy a®b — a® b, 
a®b+ (-l)l^“ll'’l6 ® a and (-l)l“ll^la6 0 c -P (-l)l“ll^l&c ®a + (-l)l^lld ca ® b for homogeneous 
a,b,c G R. Then we have: 
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Proposition 4.2. Let '0 : si0m\2n{R^ ) ^ °^Pm\ 2 ni^^ ) ^6 ^^6 canonical homomorphism with 
{m,n) ^ (1,1)- Then ker0 = ~) as h-modules. 

In order to prove this proposition, we need a fine characterization for elements of the subalgebra 
~) — ®t0m|2ri(-Ri~ )■ We always assume (m,n) ^ (1,1) in the rest of this section. Let 

A(a, 6) := hii(a, 6) - (-l)l“ll'’lhii(l, &a), 

for homogeneous a,b € R. Then we have: 

Lemma 4.3. Every element x o/sto^| 2 „(i?, ~) can he written as 

m n 

X=^ \{ai,bi) +^hji(l,Cj) +^hifc(l,dfe), (4.3) 

j=l k=2 

where Ix is a finite index set, at, bi, Cj, dk € R for i £ Ix, 1 ^ J ^ m and 2 ^ k ^ n. 

Proof. Recall from Proposition 3.6 that osp^| 2 „(i?, “) is spanned by hik{a,b) for homogeneous 
a,b G R, 1 ^ i ^ m and 1 ^ k ^ n. It suffices to show that hifc(a, b) is of the form (4.3). 

We first claim that 

A(a, b) = hife(a, b) - (-l)l“ll'’lhifc(l, ba), (4.4) 

for homogeneous a,b G R and 2 ^ k Gi n. It follows from the following computation: 

hifc(a, 6) =[fife(a),gfci(6)] 

= [[fii(a),uife(l)],gfci(&)] 

= [fii(a), [uife(l),gM(6)]] - [uife(l), [fii(a),gfci(&)]] 

= [fn(a),gii(&)] + (-l)(l“l+i)(l'’l+i)[uifc(l),Ufci(6a)] 

=hii(a, &) + (-l)l“ll''l(hifc(l,6a) - hii(l,&a)) 

=A(a,6) + (-l)l“ll'’lhife(l,6a), 

where the second last equality follows from Lemma 3.5. Now, the claim follows and hence 

hife(a, b) = A(a, b) + (-l)l“ll'’lhife(l, ba) 

is of the form (4.3) for 1 ^ fc ^ n. 

For i 2, we also deduce from Lemma 3.5 that 

hik{a,b) =[fife(a),gfci(6)] 

=[[tii(l),fifc(a)],gfci(6)] 

=[t,i(l), [fife(a),gfc*(6)]] + [fifc(a),gfci(6)] 

=[tii(l),tii(a6)] + hife(a, 6) 

=A(a, 6) + (-l)l“ll''lhu.(l,6a) + hii(l,a6) - hii(l,a6) 

is of the form (4.3). The lemma follows. □ 

Using the lemma above, we may obtain a characterization of ker ip: 

Lemma 4.4. ker0 = 

Proof. It is easy to verify that ker ip D ■ A(ai, bi) 

inclusion. Let x £ kerip. We have known from Proposition 4.1 that ker0 C sto))j| 2 jj(R, “). It 
follows from Lemma 4.3 that 

m m 

X='^ A(a^,6i) + y^hji(l,Cj) + y^hifc(l,dfc), 
iGlx i—1 fc—2 


bi] = Y,i [«£ bi] I, we show the converse 
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where Ix is a finite index set, Oi, bi, Cj,dk S R for i € I^, 1 ^ j ^ m and 2 ^ fc ^ n. We deduce 
from X G ker '0 that 

m m 

0 = Tplx) = ^ eii([ai, 6 i] - [a^,bi\) + '^ejj{cj - cj) + ^ wii(/o(Cj)) 

i=i i=i 

n n 

+ eii(dfc — dk) + 
k=2 k=2 

which yields that Cj = Cj for j = 2,..., m and dk = 0 for fc = 2,..., n, 

m 

^ ([«*,&*] - [ai,&j]) + Cl - Cl = 0 , and '^p{cj) = 0 . 
ieJ'x i=i 

Now, we claim that hii(l,c) = hii(l,c) if c = c G i? and 2 ^ i ^ m. Indeed, we deduce from 
Lemma 3.5 that 

[tii(l),tH(c)] = hji(l,c) - hii(l,c). 

Since c = c, we have tii(c) = —tii(c) = —tii(c). Hence, Lemma 3.5 also implies that 


[tii(l),tii(c)] = [tH(l),ta(c)] = hii(l,c) - hji(l,c), 

which yields that hii(l,c) — hii(l,c) = hii(l,c) — hii(l,c). The claim follows since ^ £ k. 
Return to the proof of the lemma. Since Cj = Cj for j = 2,..., m, we deduce that 


i=i 


hii(l,ci) + ^hii(l,Cj) = hii 

i=2 



= 0 , 


where X]^i = 0 since p{cj) = 0- Combining the fact that dk = 0 for k = 2,... ,n, we 
have 

X — ^ ^ ^i), 

ie/a, 

which also satisfy ^ = X) since tpi^) = 0- This shows the converse inclusion and 

completes the proof. □ 

In order to identify keri/; with “), we need more properties of A(a, 6 ): 

Lemma 4.5. The following equalities hold in sl0m\2n{Rj ~) with (rn,n) ^ (1,1); 

(i) A(a, b) = A(d, b), 

(u) A(a, 6 ) = -(-I)l“ll'’lA( 6 ,a), 

(Hi) (—I)l“ll'^lA(a 6 ,c) + (—A( 6 c,a) + (—A(ca, 6 ) = 0 , 

where a,b,c G R are homogeneous. 

Proof. We first consider the situation where n ^ 2: 

(i) It follows from Lemma 3.5 that 

[vi2(&), W2i(a)] = (-l)(^+l“l^(^+l^l)(hii(a, 5) + hi2(I,a5)), 

[V 2 i( 6 ),wi 2 (d)] = (-l)(i+l“l)(i+l'l)(hi 2 (d, 6 )+hii(l,^)). 

Note that wi 2 (d) = W 2 i(a) and vi 2 ( 6 ) = V 2 i( 6 ), we obtained that 

X{a,b) = hii(a, 6 ) - (-l)l“ll'’lhii(I, 6 a) = hi 2 (d, 6 ) - (-I)l“ll''lhi 2 (l, 6 a) = A(d, 6 ). 
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For (ii) and (iii), we deduce from ( 4 . 4 ) that 

X{ab,c) = hi2(a&,c) - (-l)(l“l+l'’l)l"lhi2(l,ca&) 

= [fi2(a&),g2i(c)] - (-I)(l“l+I'l)l^l[fi2(l),g2i(ca6)] 

= [[fn(a), Ui 2(6)], g2i(c)] - (-l)(l“l+l''l)l=l[fi2(l), [u2i(ca), gn(6)]] 

= [fn(a),[ui2(6),g2i(c)]]-(-l)l'’l(i+l“l)[ui2(&),[fii(a),g2i(c)]] 
-(-l)(l“l+l'l)l"l[[fi2(l),U2i(ca)],gn(&)] 

+ (-l)l“l+l"l+l“ll'l+l“ll“l[[fi2(l),gii(&)],U2i(ca)] 

= [fii(a),gii(6c)] + (-l)(^+l^l+l‘=l)(^+l“l)[ui2(6),U2i(ca)] 
-(-l)(l“l+l'’l)l"l[fii(ca),gii(&)] + (-l)l“l+l'’l+l=l+l“ll'’l+l“ll^l[ui2(6),U2i(ca)] 

= [fii(a),gii(&c)] - (-l)(l“l+l^l)l'=l[fii(ca),gii(6)] 

= hii(a, 6c) — (—6) 

= hii(a, 6c) — (—6ca) 

+ (-l)l“l(|f>l+ld)hii(l,6ca) - (-l)(l“l+l'’l)l=lhii(ca,6) 

= A(a, be) - (-l)(l“l+l'’l)l=lA(ca, 6). 

We observe that A(l,6c) = 0 from the definition of A(a, 6). Hence, (ii) follows from the above 
equality by setting a = 1 . Applying (ii) to the equality above, we obtain (iii). 

Now, we assume that m ^ 2 and n = 1 and show that (i), (ii) and (iii) also hold in this 
situation. We claim that 

A(a6, c) = [ti2(a),t2i(6c)] - (-l)'°'^'“'+'^'^[ti2(ca), t2i(6)] ( 4 . 5 ) 

for homogeneous a, 6, c € R. Indeed, this can be proved as follows: 

A(a6,c) = [fn(a6),gn(c)] - (-l)(l“l+l'’l)l=l[fn(l),gii(ca6)] 

= [[ti2(a), f2i(6)], gn(c)] - (-l)(l“l+l''l)l^l[fn(l), [gi2(ca), t2i(6)]] 

= [ti2(a),[f2i(6),gii(c)]] - (-I)l“l(i+I''l)[f2i(6),[ti2(a),gii(c)]] 

_(_l)(|a|+IM)H[[f^^(l)^g^2(ca)],t2i(6)] 

+ (_l)(|a| + |6|)H + |a| + H[g^2(ca), [fii(l),t2l(6)]] 

= [ti2(a),t2i(6c)] + (-l)l“l(l''l+l=l)[f2i(6),gi2(ca)] 

- (-l)('“'+'"^'“'[ti2(ca),t2i(6)] - (-I)(l“l+I'l)l=l+I“l+I'l+I=l[gi2(ca),f2i(6)] 

= [ti2(a),t2i(6c)] - (-I)l=l(l“l+I'’l)[ti2(ca),t2i(6)]. 

(i) Setting a = 1 or 6 = 1 in ( 4 . 5 ), we obtain 

A(6,c) = [ti2(l),t2i(6c)] - (-I)l'=ll'’l[ti2(c),t2i(6)], 

A(a,c) = [ti2(a),t2i(c)] - (-l)l^ll“l[ti2(ca),t2i(l)]. 

Hence, we deduce that 

A(d,6) = [ti2(a),t2i(6)] - (-I)'“''^'[ti2(6d),t2i(l)] 

= -(-I)l“ll'l[ti2(6),t2i(a)] + [ti2(l),t2i(a6)] = A(a, 6) 

For (ii) and (iii), we deduce from Lemma 3.5 that 

[ti2(a),t2i(6c)] = hii(a,6c) - (-l)l“l(l'’l+l°l)h2i(l,6ca), 
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[ti 2 (ca),t 2 i(fo)] = hii(ca,6) - (-l)l'’l(l“l+l°l)h 2 i(l,6ca). 

Now, (4.5) implies that 

X{ab,c) = hii(a,6c) - 6) = A(a, 6c) - (-l)l^l(l“l+l''l)A(ca, 6). 

Hence, the equality (ii) holds by setting a = 1, from which we conclude that (hi) also holds. □ 


Remark 4.6. The equalities A(a, 1) = A(l, a) = 0 also hold in the Lie superalgebra stOm| 2n(^, )■ 
Indeed, we know A(l,a) = 0 from its definition, and A(a, 1) = 0 follows from Lemma 4.5 (ii). 

Now, we may proceed to prove Proposition 4.2 

Proof of Proposition f.2. By Lemma 4.5, there is a well-defined k-linear map 

V ■ {R, R)d st0m\2niR, ~), (a, b)~ ^ A(a, 6). 

We will prove that its restriction on _HDj(i?, “) is an isomorphism of k-modules. 

We have already known from Lemma 4.4 that 77(_HDj^(i?, ”)) = kertjj. In order to show that 
r] is injective, we need define a k-bilinear map 


^ ■ 2^m\2n (R) X 0lm|2„(.R) {R:R)d 


by 


aie,,ia),ekiib)) = 5,fc^,,(-l)bl(N+l“l+l''l)(a, 6)," 


for 1 ^ i,j ^ m + 2n and homogeneous a, 6 £ R. It is directly verified that a is a 2-cocycle on the 
Lie superalgebra 0[m,|2n(^)i be., a satisfies 


a{x,y) = -(-l)l"'ll^la(?/,a;), 

(-I)l“lbla([x,2/],z) + (-I)l^ll“la([y,z],a;) + {-lp\y\a{[z,x],y) = 0, 


(CCl) 

(CC2) 


for homogeneous x,y,z £ 0lm|2n(-^)- Hence, a induces a 2-cocycle on the Lie superalgebra 
osp^| 2 „(i?, ~) through restriction. This yields a new Lie superalgebra 


^ °^Pm\ 2 niR^ ) ® {Rj R)d 


with the multiplication 

[x © c,y © c'] = [x,y] © a{x,y), x,y £ osp^| 2 „(i?, “) and c,c' £ {R,R)^, 

where [x,y] denotes the multiplication in osp,^| 2 „ (i?,-). 

In the Lie superalgebra £, we denote 

iij{a) : = tij{a)®0, Uki{a) : = Ukiia) ® 0, Vki{a) : = Vkiia) ® 0, 

?Zifc/(a) : = Wfei(a) © 0, Uk'ia) : = fek'ia) ® 0, gk'eia) : = pkH'ia) ® 0, 

for a € R, 1 ^ i',i, j ^ m with i j and 1 ^ /c', fc, / ^ n with k ^ 1. These elements of £ satisfy 
all relations (STO01)-(STO28). Hence, there is a canonical homomorphism of Lie superalgebras 

4> ■ Si0m\2niR^ ) 21 

such that 

(l){tij(a)) = iij(a), (fiukiia)) = Uki{a), 

H'Wkiia)) = Wkiia), cfiii'k'ia)) = /i'fc'(a). 
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4 >{'Vkiia)) = Vki{a), 
4>{Sk'i'{a)) = gk'i'ia)- 


We now compute that 

(j){h,k{a,b)) = (j){[t,k{a),gki{b)]) = [fik{a),gk^ib)] 

= [fikia),gkiib)] 0 a{fik{a),gki{b)) 

= {eu{ab - 0 ((a, b)^ 0 (a, 6 )J) 

= {e^i{ah - ab) - 0 2 (a, b)~. 

It yields that 

(j){X{a,b)) = (j){hii{a,b) - 6 a)) 

= eii([a, 6 ] - [a, 6 ]) 0 ( 2 ( 0 , 6 )^" - 2 ( 1 , 6 a)^). 

Note that {l,ba)'^ =0, we obtain 

4>{\{a, 6 )) = eii([a, 6 ] - [a, 6 ]) 0 2{a, b)'^. 

Hence, 

b))) = ((>(A(a, 6 )) = eii([a, 6 ] - [a, 6 ]) 0 2(a, 6 )j, 

which shows that g is injective. □ 

Summarizing the main results in this section, we have the following: 

Theorem 4.7. Let m,n G N such that (m,n) ^ (1,1) cmd {R,~) be a unital associative su¬ 
peralgebra with superinvolution. Then ijj : st 0 m| 2 n(.R, ~) osp^| 2 „(i?, “) is a central extension 
and 

keiip = ~) 

as k-modules. □ 

5 The universal central extension of osp^| 2 „(i?, “) 

In this section, we will show that the central extension ij; : st 0 m| 2 „(i?, “) —>■ osp^| 2 „(i?, “) is 
universal for (m, n) ^ ( 1 , 1 ), ( 2 , 1 ). 

Let osp^| 2 „(i?, “) be an arbitrary central extension. For a G i?, 1 ^ ^'m with 

i ^ 2 and 1 ^ k',k,l ^ n with k ^ I, we pick 

iij(a) G (p~^{tij{a)), Uki{a) G ip~^{uki{a)), Vki{a) G ip~^{vki{a)), 

Wki{a) G ip~^{wki{a)), fi'k'{a) G ip~'^{fiik'{a)), gk'i'{a) G <p~^{gk'i'{a)). 

Then {x,y\ is independent of the choice of the representatives x G ip~^(x) and y G (p~^(y) for 
x,g G osp„| 2 „(i?, “). Hence, we have the following well-defined elements in €: 

hk ■ = [Sfei(l), /ife(l)], 

: = [/*i(l),yij(a)], 

Vki{a) : = -[gki{a),gii{l)], 
fi'k'ia) : = [fi'k'ia), hk'], 
where a G R, 1 ^ i',i, j ^ m with i j and 1 ^ k', k,l n with k ^ 1. 

Lemma 5.1. Suppose that m,n G N. In the Lie superalgebra the elements tij{a), Uki{a), 
Vki{a), Wki(a), fi'k'ia), gk'i'ifl), where a G R, 1 Gi i' ,i, j ^ m with i j and 1 Gi k' ,k,l ^ n with 
k I satisfy relations (STOOD), (STO02)-(STO26), (ST028) and the following relation: 

[fik{a),gij{b)]=Q, for i j and k ^ 1. (ST027a) 


Uki{a) : = [5fci(l),/ii(a)], 
Wki{a) : = [/ife(l),/iz(a)], 

gk'i'ia) : = [6fc',yfc'i'(a)], 
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Remark 5.2. We should notice that (ST027a) is deferent from (ST027). Indeed, (ST027) is 
equivalent to (ST027a) and the following 

[fifc(a),gfcj(&)] = ty(a6), fori^j. (ST027b) 

We will see in the next section that (STOOl) and (ST027b) are not necessarily true in a central 
extension of osp 2 \ 2 {R, ”)• 

Proof of Lemma 5.1. The proof follows from a case by case verification. The computation is quite 
straightforward but tedious. We only show (STO05) here as an example. 

In order to show that tijfa) and Uki(b) satisfy (STO05), we claim that 

[hk,iijia)] = 0, and [hk.Ukiib)] = Uki{b). 

These can be directly verified as follows: 

[hk,hjia)] = [hfe, [/a(l),5ii(a)]] =-4i[/zi(l),9ii(a)] + 4i[/*i(l),ffij(a)] = 0, 
[hk,Ukiia)] = [hk, [4i(l),/ii(«)]] = [4i(l),/ii(«)] + 0 = Ukiia). 

Now, we observe that [tij{a),Uki{b)] S "kerLp which is contained in the center of £. Using the 
claim, we deduce that 

0 = [hfc, [ty(a),Ufci(6)]] = [^k,iij{a)fuki{b)] + [ty (a), [hk,Ukiib)]] = 0 + [iij{a),Ukiib)], 

which shows iij{a) and Uki{b) for i j and k I satisfy (STO05). 

To avoid the tedious computational details, we omit the verification for other relations here. □ 

Theorem 5.3. Let (i?,“ ) be a unital associative superalgebra with superinvolution. Suppose 
m,n S N such that (m,n) ^ (1,1), (2,1). Then the central extension 

if : Si0m|2n(.R, ) —>■ 0Spm|2„(.R, ) 

is universal. 

Proof. Let (p : ^ osp^| 2 „(i?, “) be an arbitrary central extension. We have to show that there 

is a unique homomorphism p' : st 0 m| 2 „(i?, “)—>■£ such that pop' = if. 

Take the elements ty(a), Uki{a), Vki{a), Wki{a), fi'k'{a), gk'i’{a) e £ for a e i?, 1 ^ i'p,j ^ m 
with i ^ j and 1 ^ k',k,l ^ n with k ^ I as in (5.1). We have already known from Lemma 5.1 
that they satisfy all relations (STOOD), (STO02)-(STO26) and (ST028). Under the additional 
assumption that (m, n) (1,1), (2,1), we will show that these elements also satisfy relations 
(STOOl) and (ST027). 

For (ST027), we have obtained (ST027a) in Lemma 5.1. It suffices to show (ST027b). Since 
(ST027b) is null if m = 1, we assume to ^ 2 and 1 ^ i j ^ m. We need to prove (ST027b) in 
the case of n ^ 2 and the case of n = 1 separately. If n ^ 2, we choose 1 ^ I ^ k ^ n and deduce 
that 


[fikia),gkj{b)] = [[fii{l),uikia)],gkjib)] 

= [uik{a),gkj{b)]] - (-l)l“l[u/fe(a), [fii{l),gkj{b)]] 

= [/ii(l):5ij(4)]] 

which is equal to tij{ab) when 1 = 1. 111 ^ 1, the same argument shows that 

[fui^),9ijiab)] = [fii{l),gij{ab)] = Uj{ab). 

If n = 1, we may assume to ^ 3 since (to, n) ^ (1,1), (2,1). Choose i' such that i' i.,j. Then 
[hi{a),h3{b)] = [[4'(a),/i'i(l)],4j(^)] 
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= [h'{a), [/i'i(l),5ij(^)]] - (-l)'“'[/i'i(l), [iii'ia),gij(b)]] 

— [^ 22 ^ (^) ; (^)]] 

= iijiab), 

where the last equality follows from (STO03) that has been proved in Lemma 5.1. Hence, 
(ST027b) holds for (m, n) ^ (1,1), (2,1). 

The relation (STOOl) can be proved similarly. We also assume that m ^ 2 and 1 ^ z ^ 
j ^ m. We consider the case of n ^ 2 and the case of n = 1 separately. If n ^ 2, we have 
/j 2 (l), 522 ( 0 ),'i)i 2 (a) € £ and deduce that 

= -(-l)H[^(l),[/^. 2 (l),D 2 i(a)]] 

= -(-l)'“'[[/2i(l)J,2(l)],«2i(a)] + (-l)l“l[/,2(l),[/2i(l),«i2(a)]] 

= -[/j 2 (l), 522 (a)] 

= 

where the last equality follows from (ST027b) that we just proved. 

In the case where n = 1, we know that to ^ 3 since (to, n) ^ (1,1), (2,1). Choose j' such that 
j' ^ i,j, then (STOOl) follows from the computation as follows: 

iijifl) = [iiji (a),ijij(l)] = [tj'2(a), (1)]] = —iji(a), 

where the last equality follows from (STO03) that has been proved in Lemma 5.1. 

Summarizing, the elements iij{a),Uki{a),Vki{a),Wki{a), fi'k'{a),gk'i>{a) for a e i?, 1 < *',*,5 ^ 
TO with i ^ j and 1 ^ k',k,l ^ n satisfy all relations (STOOO)-(ST028). Hence, there is a 
homomorphism of Lie superalgebras 

(fi' : Si0jn\2n{R^ ) 21 

such that 

= iij{a), ip'{uki{a)) = Uki{a), 

ip' {vfki (a)) = Wki {a), ip'{fik{a)) = fikia), 

i.e., (fi o (f' = Ip. 

The homomorphism ip' above is unique. Suppose that p' : st 0 m\ 2 n{R,~) osp^| 2 „( 7 ?, “) is 

another homomorphism satisfying p o (p' = ip. Since tij(a) = [fii(a), gij(l)] in osp^| 2 „(i?, “), we 
deduce that 

‘f'iUjia)) = [(^'(fii(a)),^'(gij(l))] € [p-\fn{a)),p-\gij{l)] 

which coutains the unique element tij{a) = p'{tij{a)) since (/? : £ —> osp^| 2 „( 7 ?, ~) is a central 
extension. Similarly, p' and p' coincide when evaluating at Ufcj(a), Vfei(a), Wfci(a), (a), gfc'i'(a) 
for a G i?, 1 ^ i' ^ TO and 1 ^ k',k,l ^ n with k ^ 1. It follows that p' = p' . This shows the 
uniqueness of p' and the universality of ip follows. □ 

Theorems 4.7 and 5.3 imply that 

Corollary 5.4. H 2 (osp„| 2 „(i?, “),k) = _HDi(i?,-) i/( to, n) ^ (1,1), (2,1). □ 

Remark 5.5. If i? is a unital super-commutative associative superalgebra with the identity su¬ 
perinvolution, then the Lie superalgebra osp^| 2 „(i?, id) is isomorphic to osp„| 2 „(k) (g)ij R (see 
Example 2.1). Hence, 

H 2 (osp^| 2 „(k) ®k R,k) = _HDi(i?,id) = HCi(i?), 

for {m,n) ^ ( 1 , 1 ), ( 2 , 1 ), which coincides with the second homology groups of osp^| 2 „(k) Cik R 
given in [ 11 ]. 


p'iykiia)) = Vki{a), 
‘p'iSkiia)) = gki{a). 
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In the situation where {R, ) is equal to {S 0 ^“Pjex) for an arbitrary unital associative 
superalgebra S, we obtain the following corollary, which is part of the results proved in [5]. 

Corollary 5.6. Let S be an arbitrary unital associative superalgebra. Assume that (rn,n) ^ (1,1) 
and (2,1). Then stm| 2 n(> 5 ') is the universal central extension of slm\ 2 niS) and 

H2(sU|2„(^),k) =HCi(^). 

Proof. Similar to generalized periplectic Lie superalgebras, there is a commutative diagram: 

0-^ _HDi (S' 0 S°P, ex)-^ sto™| 2 „(S 0 S°p, ex)-^ osp^| 2 „(S 0 S°p, ex)-^ 0 

0 -^ HCi(S) -^ SU|2n(5) -^ Sl^l2niS) -^ 0 

where the three vertical arrows are isomorphisms given in [3, Proposition 6 . 6 ], Proposition 3.7 and 
Example 2.2, respectively. Hence, the lemma follows. □ 

6 The universal central extension of osp 2 | 2 (^? ) 

We have shown before that the central extension if : st 0 m| 2 „(i?, “) —t osp^| 2 „(i?, “) is universal 
for {m,n) ^ (1,1), (2,1). For the Lie superalgebra osp 2 | 2 ( 7 ?, “), it has been proved in [14] that 
if : 5i0m\2n{R-: ~) osp,^| 2 „(i?, “) is also a universal central extension provided that R is super- 

commutative and the superinvolution ~ is the identity map. However, this is not necessarily true if 
i? is not super-commutative. This section will contribute to discuss the universal central extension 
of st 02 \ 2 {R, ”)• We will first create a nontrivial central extension of st 02 | 2 (.R; ~) using a concrete 
2 -cocycle and then prove the universality of this central extension under certain assumption. 

Remark 6.1. In the case where {R, ~) = (k, id), the Lie superalgebra osp 2 | 2 (k, id) is isomorphic to 
sli| 2 (k) (c.f. [12, Section 4.2.2]). However, this isomorphism is not functorial in (i?, “). If we take 
{R,~) = (Mi|i(k),prp), then it follows from Example 2.3 that osp 2 | 2 (Mi|i(k),prp) is isomorphic 
to p 4 (k), which is obviously not isomorphic to s[i| 2 (Mi|i(k)). 

It is obvious that the k-module R/{[R,R]R) is a super-commutative associative superalgebra. 
We use 7 r(a) to denote the canonical image of a € i? in R/{[R, R]R). Recall that st 02 | 2 (-R, ~) (as 
a k-module) is spanned by 

:= {hii(a, 6 ),ti 2 (a),Vi(a),Wi(a),fii(a),gH(a)|i = 1,2, a G i?}. 

We dehne a k-bilinear map /3 : st 02 | 2 (R, ~) x st 02 | 2 (-R, ~) —t R/{[R, R]R) by setting 

/3(fii(a), gi 2 (&)) = -(-l)^^+'“'^^^+''''^/ 3 (gi 2 (&), fii(a)) = 7 r(a 6 ), 

/ 3 (f 2 i(a),gii( 6 )) = -(-l)^^+l“l^^^+l''l^/ 3 (gii( 6 ),f 2 i(a)) = -n{ab), 

and P{x, y) = 0 for all other pairs {x, y) of elements in 25. Then we have 

Lemma 6.2. Let (R, ~) be a unital associative superalgebra with superinvolution. Then fd is a 
2-cocycle on st02\2{R,~) with values in R/{[R, R]R). 

Proof. It is obvious from the definition of /3 that /3 satishes (CCl). It suffices to show 

J{x,y,z) := (-l)l"ll^l^([a:,y],z) 0 (-l)l^ll"l^([y,z],a:) 0 (-l)l^ll"l/ 3 ([z,a:], 2 /)=O 

for X, y, z € 25. Noting that J{x,y,z) is symmetric with respect to all permutations on {x,y,z} 
and eliminating the cases where fi{[x,y],z) = fi{[y,z],x) = fi{[z,x],y) = 0, the problem is reduced 
to verifying J{x,y, z) = 0 in the following eight cases: 
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(i) X = hii{a,b), y = fii(c) and z = gi 2 (d), 

(ii) X = h.ii{a,b), y = hiic) and z = gii(d), 

(iii) X = h 2 i(a, &), y = fii(c) and z = guid), 

(iv) X = h 2 i(a, &), y = hiic) and z = gii(d), 

(v) X = ti 2 (a), y = fii(&) and z = gii(c), 

(vi) X = ti 2 (a), y = £ 21 ( 6 ) and z = gi 2 (c), 

(vii) X = vi{a), y = fii( 6 ) and z = f 2 i(c), 

(viii) a; = wi(a), y = gi 2 {b) and z = gii(c), 

where a,b^c,d G R are homogeneous. The verification can be done by direct computation. For 
instance, in case (i), we compute that 

J{x, y, z) 6 ), fii(c)], gi 2 (d)) 

+ (-l)(|i|+ld)(|a|+IM)^([f^^(c), gi 2 (d)], hn(a, b)) 

= - (-l)l“llf'l+|f'lld+kl|c|^^^)^ gi 2 (d)) 

+ (_l)(|i|+ld)(|a|+|b|)^(t, 2 (cd), hn (a, &)) 

+ (_l)|c| + |d| + |a||b| + |b|M| + |d||a| + |c||d|^(g^^(^^^)^ 

= _ (-l)(l“l+l'’l)(i+MI) 7 r(^cJ) + 

= _ (-l)(l“l+|f’l)(i+|rf|)7r(a6cJ) + (-l)(l“l+l^l)(i+l‘'l)7r(a6cJ) 

= 0 . 

Hence, J{x,y,z) = 0 in Case (i). Similarly, we may verify that J{x,y,z) = 0 in Cases (ii)-(viii), 
we omit the details here. □ 

The 2-cocycle /3 gives rise to a new Lie superalgebra 

St02|2(.Ri ) := St02|2(.R: ) © 

on which the super-bracket is given by 

[a; © c, y © c'] := [a;,y] © , 5 (a;, 2 /), x, y £ si 02 | 2 (-R, and c, c'G 

Moreover, the canonical projection tp' : st 02 | 2 (.R, ~) —st 02 | 2 (.R: “) is a central extension. 

Alternatively, the Lie superalgebra st 02 | 2 (.R, ~) can be defined as the abstract Lie superalgebra 
generated by ti 2 (a), fii(a), f 2 i(a), gii(a), gi 2 (a) for a G i? together with the super-commutative 


Lie superalgebra R/{[R, R]R), subjecting to the relations: 

[ti 2 (a),fii( 6 )] =-f 2 i(a 6 ), [ti 2 (a), £ 21 ( 6 )] = fii(a&), ( 6 . 1 ) 

[gii(a),ti 2 (&)] = gi 2 (a&), [gi 2 (a),ti 2 ( 6 )] = -gii(a&), ( 6 . 2 ) 

[fii(a), f 2 i( 6 )] = 0, [gii(a), gi 2 (&)] = 0, (6.3) 

[fii(a), gi 2 (&)] = ti 2 (a 6 ) + 7 r(a 5 ), [f 2 i(a), gii(&)] = -ti 2 (a 5 ) - Tv{ab). (6.4) 


Now, we have obtained a nontrivial central extension ip’ : si 0 m^ 2 n{R, ) —>■ si0m|2n(^i )• In 
the remaining part of this section, we will show its universality under the following assumption: 
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Assumption 6.3. Let {R, ) be a unital associative superalgebra with superinvolution. We say 
that {R, ~) satisfies Assumption 6.3 if R contains a homogeneous element e such that 

(i) e= -e, 

(ii) e is contained in the center of R, and 

(iii) e is a unit element. 

Remark 6.4. As indicated in [9], Assumption 6.3 is not restrictive. If R has no element a such 
that = —1, then R ® k[\/^] = i? 0 R-/^^ is a unital associative superalgebra with the 
superinvolution given by 

o 0 = d 0 {—hy/^) 

for a,b G R. In this situation, R 0 k[-\/—1] satisfies Assumption 6.3 since one can choose e = 
y/—\. For another example, given a unital associative algebra S', the associative superalgebra with 
superinvolution (S 0 S°P,ex) always satisfies Assumption 6.3, where e = I 0 (—1) G S 0 S°p is a 
required element. 

Our aim is to prove the universality of the central extension '0' : si 02 | 2 (-S, “) —>■ st 02 | 2 (-S, “) 
under the above assumption. Since '0 : st 02 | 2 (S, “) —?► osp 2 | 2 (-^j ~) is also a central extension, the 

universality of 0 ' is equivalent to the universality of 0 o 0 ' : si 02 | 2 (S, “) osp 2 | 2 (^i ~)i which 

will be proved below. 

Let (i?, “) be a unital associative superalgebra with superinvolution satisfying Assumption 6.3 
and osp 2 | 2 (^)~) b® arbitrary central extension of osp 2 | 2 (.R, ”)■ Let x G ip~^(x) for 

X G osp 2 | 2 (Li, “) and e G R an element satisfying Assumption 6.3. Then we define 


ff(a) 

= ^[/ii(a),512(1)] - i[/ii(ae), 5 i 2 (e i)]. 

( 6 . 5 ) 


1 - 1 - 


ti2(a) 

= 2[/ii(a),512(1)] 0 -[/ii(ae), 5 i 2 (e“^)]. 

(6.6) 

/11(a) 

= [^12(1), /21(a)], 

( 6 . 7 ) 

/21(a) 

= -[^12(1), /11(a)], 

(6.8) 

511(a) 

= —[512(a), 02(1)], 

( 6 . 9 ) 

512(a) 

= [511(a), ^12(1)], 

(6.10) 


which are all independent of the representatives x G (p ^(x) for x G osp 2 | 2 (-R, )■ It is directly 
verified that 7 f(a) G ker((p) for a G R. Moreover, we have 

Lemma 6.5. Tt{[R, R]R) = 0. 

Proof. We denote 

7ti(a) : = [/ 11 (a), 512 ( 1 )] - [/ii(I), 512 (a)], 

7 f 2 (a) : = [/ 11 (a), 3 i 2 (e"^)] - [/ii(I), 912 ( 06 "^), 

for a G R. Then 7 r(a) = 7 fi(a) — 7 f 2 (ae). We observe that tt{[R,R]R) = 0 if 7ri{[R, R]R) = 0 for 
i = 1,2. We will show that 7 fi([i?, R]R) = 0 in two steps: 

• Step I: Prove that 7 f 0 i?+ • • i?+) = 0 for z = 1, 2. 

• Step 2: Show that [i?, i?]i? C R^ ■ R^ ■ i?+. 

Step 1: In order to show that 7 fi(i?+ • R+ ■ i?+) = 0 for i = 1,2, we claim that 

[/ii(afo), 512 (c)] = [/ 11 (a), 512 ( 60 )] ( 6 . 11 ) 
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for a,c€ R and b G i?+. Without loss of generality, we assume a, b, c are homogenous and set 


v{a) := -[ 511 (a),gii(l)] and ?i;(a) := [/ii(l),/ 11 (a)]. 

Then we deduce that 

[/ii(al>), 512(c)] = i[/ii(a6+), 512(c)] 

= [[511(a),ih(6)],5i2(c)] 

= -i(-l)'“'[ 5 ii(a), K6),512(c)]] + i(-l)l“ll'>l[ih(6), [ 5 ii(a), 5 i 2 (c)]] 

= -i(-l)'“'+'"+'“'+""“'[5ii(a),/2i(a+)]+0 

= -(-l)l“l+l'’l+l"l+l'll'=l[5ii(a),/2i(c6)] 

= _ [/;,(«), [ 0 ( 1 ), ^(a)]]) 

= 0 + (-l)l'’ll^l[/ii(a),5i2(a)] 

= [/ 11 (a), 5l2(&c)]. 

This proves the claim. 

For a,b,c G R+, it follows from (6.11) that 

ni{abc) = [/ii(a 6 c), 512 ( 1 )] - [/ii(l), 512 ( 060 )] = [/ii(a 6 ), 512 (c)] - [/ 11 (a), 512 ( 6 c)] = 0 , 

which shows 7 fi(i?_|_ • • i?+) = 0. We also obtain 7 f 2 (i?+ • R+ ■ R+) = 0 similarly. Step 1 is 

completed. 

Step 2: We first observe that R+ C R_^_ ■ R_^_ C i?+ • i?+ • i?+ since 1 G R+. Secondly, we claim 
that [i?, i?] C R^ ■ i?+. Indeed, for homogeneous a, 6 G R, we have 

[a, 6] = i[a+,6+] + i[a+,6_] + i[a_,6+] + i[a_,6_], 

in which [a+, 6 +] G R+ ■ R+ and [a+, 6 _], [a_, 6 +] G R+ C i?_|_ • R^. Note that {R,~) satisfies 
Assumption 6.3, we know that a_e“^,e 6 _ G i?+ and [a_, 6 _] = [a_e“^,e 6 _] G R+ ■ R+. 

In order to show that [R, R]R C R^ ■ R^ ■ it suffices to prove [a±, 6 ±]c± G R+ ■ R+ for 
homogeneous a,b,c G R. We observe that 

[a, 6 ]c=-(-I)l“ll'’l[ 6 ,a]c, 

[a, 6 ]c- (-l)l“l(l''l+l"l)[ 6 ,c]a = [a, 6 c] - (-l)l“ll^l [ 6 a, c] G [i?, i?] C R+ ■ R+. 

It suffices to show that [a_|_, 6 +]c+, [a+, 6 +]c_, [a+, 6 _]c_, [a_, 6 _]c_ G R+ ■ R+ ■ R+. It obvious 
that [a+, 6 +]c+ G R+ ■ R+ ■ R+ and [a+, 6 _]c_ = [a+, 6 _e“^]ec_ G R+ ■ R+ ■ R+. Moreover, since 
[a+, 6 +], [a_, 6 _] G i?_, we obtain that [a+, 6 -|-]c_, [a_, 6 _]c_ G R- ■ R- = R+e~^ ■ eR^ = R+ ■ R+. 
Hence, [i?, R\R C R^ ■ R_^ ■ R^. This finishes Step 2. □ 

Now, we may proceed to prove the main theorem in this section; 

Theorem 6.6. Let (i?, ~) be a unital associative superalgebra with superinvolution satisfying As¬ 
sumption 6.3. Then the central extension ip' : si 02 \ 2 {R, ~) st02|2(-R, ~) universal. 

Proof. It suffices to show that the central extension ipoip' : st 02 | 2 (^, ~) osp 2 | 2 (-^, ~) is universal. 

Let (p -. ^ osp^| 2 „(i?, “) be an arbitrary central extension. We have to show that there is a 

unique homomorphism p' : si 02 | 2 (^, ~) —^ € such that pop' = ip o ip'. 
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Let 7r(a), ti2(a), /11(a), /21(a), gii(a), 312(0) with a G i? be the elements of £ as defined in 
( 6 . 5 )-( 6 . 10 ). We have already shown in Lemma 6.5 that Tr{[R, R]R) = 0 . In order to show the 
existence of a homomorphism ip' : st02\2{R, ~) —>■ 2, it suffices to show that the elements ti2(a), 
/11(a), /21(a), 311(a), 312(a) with a € R satisfy the relations ( 6 . 1 )-( 6 . 4 ). It has been shown in 
Lemma 5.1 that these elements satisfy the relations ( 6 .I)-( 6 . 3 ). We next show that they also 
satisfy ( 6 . 4 ). 

We deduce from the definitions of tti, 7f2 and ti2 that 

[/11(a),312(1)] = /12(a) +7f(a), and [/ii(ae),312(6“^)] = /12(a) - 7f(a). 

Hence, for a,b G R, we write b = ^b+ + = 16 + + l6_ee“^ with b± £ R± and deduce by ( 6 . 11 ) 

that 

[/11(a), 312 (&)] = i[/ii(a),312(6+)] + i[/ii(a),3i2(6_ee“^)] 

= ^[/ii(a/+),312(1)] + i[/ii(a6_e),3i2(e"^)] 

= ^(/i2(a6+) + 7f(a6+)) + i(/i2(a6_) - 7f(a6_)) 

= /i2(a6) + 7f(a6). 


Furthermore, we deduce that 

[/21(a), 3 ii(&)] = -l(-l)H[[g,2(a),w(l)],ffn(b)] 

= -^(-l)'“'[5i2(a),Kl),3ii(^)]] + i(-l)'“'Kl),[5i2(a),3ii(/)]] 

= -(-l)l“l+l'l [312(a),/ii(6)] 

= -(-l)'“"'’'[/ii(6),312(a)] 

= -(-l)l“ll^l(/i2(6a) + 7 f( 6 a)) 

= —ii2(ab) — 7r(ab). 

In summary, the elements /12(a), /11(a), /21(a), 311(a), 312(a) with a £ R satisfy relations ( 6 . 1 )- 
( 6 . 4 ). Therefore, there is a homomorphism of Lie superalgebras cp' : st02|2(l^, ~) “ 5 “ £ such that 
(pop' = ipoi!)'. Following the same arguments as in the proof of Theorem 5 . 3 , such a homomorphism 
p' is unique. Hence, the central extension ijj o ip' : st02|2(l?, ~) osp2|2(l?, ~) is universal. □ 

Summarizing Theorems 4.7 and 6.6, we obtian 

Corollary 6.7. Let {R-,~) be a unital associative superalgebra with superinvolution satisfying 
Assumption 6.3. Then 


H 2 ( 0 SP 2 | 2 ( 1 ?, ■),k) = _HDi(i?, -) © R/[[R,R]R) 

as h-modules. □ 

In particular, if S' is a unital associative superalgebra, then (S®S°p, ex) satishes Assumption 6.3 
(see Remark 6 . 4 ). In this situation, the universal central extension of osp2|2(‘5' ® > 5 '°^, ex) obtained 
in Theorem 6.6 recovers the universal central extension of s[2|2(>5') given in [ 5 ]. More precisely. 

Corollary 6.8. Let S be a unital associative superalgebra. Then 

Si2\2{S) := st2|2(S) © S/([S, S]S) © S/([S, S]S) 

is the universal central extension 0/5(212 (S) and 

H 2 ( 5 l 2 | 2 (^),k) = HCi(S) © S/([S, S]S) © S/([S, S]S). 


26 


Proof. Let {R, ) := (S' 0 S°P,ex). Then it is obvious that 

R/i[R, R]R) ^ S/([S, S]S) 0 S/([S, S]S) 

as k-modules. Hence, the corollary follows from Theorem 6.6 and the isomorphisms 
st02|2(S 0 S°P,ex) ^ si2|2(S), and osp2|2('S' ® S°P,ex) ^ sl2|2(S), 
which have been proved in Proposition 3.7 and Example 2 . 2 , respectively. □ 


7 The universal central extension of 05px|2(i?, ) 


The universal central extension of osp,^|2„(S, “) with m,n € N and (m,n) ^ ( 1 , 1 ) has been 
discussed in the previous sections. For ospi|2(i?, “), one easily reads from Definition 3.1 that 
st0i|2(i?, “) is the Lie superalgebra generated by homogenous elements fii(a),gii(a) of degree 
1 0 |a| for homogenous element a G R subjecting to the only relation that fn and gn are k-linear. 
It is not necessarily a central extension of ospi|2(i?, ~). Instead, we will explicitly construct the 
universal central extension of osp]^|2(7?, ~) in this section. 

Definition 7.1. Let {R,~) be a unital associative superalgebra with superinvolution. We define 
the Lie superalgebra aspi|2(i?, “) by generators and relations: The generators of a^i|2(i?, “) are 
homogeneous v(a), w(a) of degree |a| and homogeneous f(a), g(a) of degree l0|a| for homogenous 
a G R. The defining relations for dspi|2(7?, “) are given as follows: 


v(a) = v(a), 

[v(a),v(6)] = 0, 

[v(a),g(&)] = 0, 

[v(a),f(6)] = (-l)l'’lg(a+6), 
[f(a),f(6)] = (-l)l“lw(a6). 


w(a) = w(a), 

[w(a),w(6)] = 0, 

[f(a),w(&)] = 0, 

[g(a),w(6)] = -(-l)l“lf(a6+), 
[g(a),g(6)] = -(-l)l''lv(a6). 


[[f(a), g(6)], f (c)] = i{abc - abc - (-l)l“IIM+IMId+ld|alc6a), 
[g(a), [f (&), g(c)]] = g{abc — abc — (— 


where a,b,c G R are homogeneous. 

Observing that the elements 

u(a) : = 623(0+), u;(a) : = 632(0+), 

/(o) : = 612(a) 0 e3i(p(a)), g{a) : = 621(a) - 6i3(p(a)), 


( 7 . 1 ) 

( 7 . 2 ) 


of the Lie superalgebra ospi|2(7?, ) satisfy all relations in Definition 7 . 1 . We obtain a canonical 
homomorphism of Lie superalgebras 

t/j : o5pi|2(i?, ■) -> ospi|2(i?, ■) 

such that 


tjj{v{a)) = v{a), 'ip{w{a)) = w{a), V’(f(a)) = /(a), V’(g(a)) = 5(a)- 

In the especial case where {R,~) = (/S' 0 S'°P,ex) with S an arbitrary unital associative su¬ 
peralgebra, the Lie superalgebra 6spi|2(S' 0 S'°P,ex) also recovers the Steinberg Lie superalgebra 
sli|2(S'): 

Proposition 7.2. Let S be an arbitrary unital associative superalgebra. Then 

o^i|2('S'®'S°P,ex) ^sti|2(S') 

as Lie superalgebras. 
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Proof. An isomorphism </>: ospi|2(5' 0 S'°P,ex) —sti|2(5') is given by 

(/'(v(a 0 b)) = 623(0 0 b), (j){w{a 0 b)) = 632(0 0 b), 

cj){f{a 0 b)) = 612(0) 0 631 (p( 6 )), (/)(g(o 0 b)) = 621(0) - 613(p(6)), 

for a,b G S. While the inverse cj)~^ : sti|2(5') —)■ ^i|2(-S' 0 S°^, ex) of 4 > is defined by 

= f(a 0 0), (j}~^(eis^a)) = -g(0 0 p{a)), 

(j)~^{e2i{a)) = g(o 0 0), (/)“^(e23(a)) = v(o 0 0), 

cj)~'^{e3i{a)) = f(0 0 p{a)), {e32{a)) = w(a 0 0), 

for a G S. □ 

In the sequel, we will show that ijj ■ ^i|2(-R: ~) ^ ospi|2(i?, “) is a central extension, charac¬ 
terize the kernel of ip, and construct the universal central extension of ospi|2(i?, ”)■ 

7.1 Ip : aspi| 2 (-R, “) ospi| 2 (-R, “) is a central extension 

In order to show that ip : ospi|2(-R, ~) —> ospi|2(-R, ~) is a central extension, we need a few lemmas: 
Lemma 7.3. In the Lie superalgebra ospi|2(-R, ~), we denote 

h(o, 6) := [f(o), g(&)], and A(o, 6) := h(o, 6) — (—l)l“ll^lh(l, 6a), 
for homogeneous a,b G R. Then every element x of ospi|2(A, “) is written as 
X = '^\{ai,bi) 0 h(l,co) 0 f(ci) 0 g(c2) 0 v(c 3 ) 0 w(c 4 ), 

i 

where the summation runs over a finite set, Oi, 6i, cq, ci, C2 G R, and 03,04 G R+. 

Proof. We first claim that ospi|2(i?, “) (as a k-module) is spanned by 

25 := {h(a, 6), f(a), g(a), v(a), w(o)|homogeneous a,b G R}. 

Let 0 be the k-submodule of 6spi|2(i?, “) spanned by 25 . Then it is directly verihed that g is 
indeed a Lie sub-superalgebra of 6spi|2(A, “), containing all the generators v(a), w(a), f(a) and 
g(a) for a G R. Hence, dsj3i|2(i?, “) = 0, i.e., every element x G 6spi|2(i?, “) is written as 

-EM Oi, bi) 0 f(ci) 0 g(c2) 0 v(c3) 0 w(c 4 ), 

i 

where the summation runs over a finite set, at, bi, oi, 02 G R, and 03, 04 G i?+. 

Now, 

h(oi, bi) = X{ai,bi) 0 (-l)l“‘ll^‘lh(l, biOi). 

We conclude that 

X = ^\{ai,bi) 0 h(l,co) 0 f(ci) 0 g(c2) 0 v(c3) 0 w(c 4 ), 

i 

where Co = 

Lemma 7.4. kerV' = 
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Proof. If = Yi bi\ for Oi.bi e i?, then 


Ip A(aj, b^)j = eii 6,] - [ui, bi\)j = 0. 

Conversely, we have known from Lemma 2.5 that every element x G osp]^|2(i?, ~) is written as 
. = Ea( ai,bi) + h(l,co) + f(ci) + g(c2) + v(c3) + w(c4), 

i 

for homogeneous a^, 5 ^, cq, ci, C2 G R and 03,04 G R+. Hence, x G ker-ip implies that 

0 = ip(x) =^eii([ai,6i] - [ai,6i]) + eii(oo - cq) + 022(^(00)) - e33(p(co}} 

i 

+ /(ci) + g(c2) + v{c3) + 10(04) 

in osp3|2(i?, ”)■ It follows that oq = Oi = 02 = 0 and 03 + C3 = 04 + 04 = 0 . Since 03, 04 G R + and 
i € k, we obtain that 03 = 04 = 0 . Hence, x = Yi A(ai, bi) and = Yi I®*; ^i\- 

Proposition 7.5. ip : osp 3 | 2 (i?, “) —> osp 3 | 2 (i?, “) is a central extension. 

Proof It suffices to show that ker '0 is included in the center of osp3|2(i?, ”)• We directly compute 
that 


[A(a, b), v(c)] = 0 , [A(a, &), w(c)] = 0 , (7.3) 

[A(a,6),f(c)] = f(([a,6] - [a,&])c), [g(a), A(&, o)] = g(a([6,c] - [&,c])), (7.4) 

for homogeneous a,b,c G R. Hence, x = Yi^io,i,bi) super-commutes with v(c), w(c), f(c) and 

S{c) iiY^[ai^b^] =Y^[ai,bi\. _ 

Recall from Lemma 7.4 that ker'0 = A(ai, 6i)| ^-[oi, &i] = Yii^i’bi]}. It follows that 
ker'0 is included in the center of osp 3 | 2 (i?, “) and hence ip : ospi| 2 (i?, “) —osp 3 | 2 (R, “) is a 
central extension. □ 

7.2 A modified version of the first Z/2Z-graded skew-dihedral homology 

In order to characterize kei ip., we need a modified version of the first Z/2Z-graded skew-dihedral 
homology [3, Section 6], whose properties will be briefly discussed here. 

Let {R,~) be an arbitrary unital associative superalgebra with superinvolution. In the k- 
module R (8)|k R, we denote 

J(a, b, c) := (-I)l“ll“la6 (g) c -b (-I)l^ll“l6c 0 a -b (-l)l^ll'’lca 0 b 
for homogeneous a,b,cG R. Let If be the k-submodule of i? 0ik i? spanned by 

(i) a 0 1 , 

(ii) a 06 -b (-l)l“ll^l 60 a, 

(iii) 0 0 6 — 006 , 

(iv) J(6, o, c) - (-l)l“llf>l+l'>lld+klkl b,c- c), 

(v) J(a,6, [c,d])-b(-l)l“ll"l+l''ll‘^lj(c,d, [a,6]), and 

(vi) J([oi, 02], [61,62], [C1,C2]), 
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for homogeneous a, b, c, d, oi, 02, &i, 62, ci, C2 € R and (i?, i?)- := i?//^ . We use (a, to denote 
the canonical image of a 0 6 in {R,R)^ and define the first modified Z/ 2 Z-graded skew-dihedral 
homology group 






Remark 7 . 6 . In the especial case i? is a unital super-commutative associative superalgebra and 
the identity map is the superinvolution on R, we observe that IJ is the k-submodule of R 0k R 
spanned by a 0 1 , a 0 6 -I- (—0 a and J(a, b, c) for homogeneous a,b,c G R. Hence, 


_HDi(i?, id) = HCi(i?). 


Lemma 7.7. The first modified 1 jf 2 X-graded skew-dihedral homology group ) satisfies: 

(i) If 3 is invertible in R, then 




(ii) If {R, ) = (^ 0 S'°P,ex) for an arbitrary unital associative superalgebra S, then 

_HDi(S'0 S'°P,ex) ^ HCi(S'). 


Proof, (i) It follows from [ 3 , Proposition 6 . 3 ] that 


where {R, R)^ = (i? 0k R)/I^ and I^ is the k-submodule of i? 0 k 7 ? spanned by 

a 0 6 0 (—0 a, a0&—0 0 6, and J(a, 6, c) 

for homogeneous a,b,c G R. It is obvious that Ifi Q I■ 

Now, J{b, a, c) — (—I)l“ll^l+I^ll=l+I'=ll“l J(a, b, c — c) G If implies that 

J{a,b,c) =—J{a,b,c) (mod/^), 


and hence 


J(a, 6, c) = J(6, o, c) = 4 J(a, b, c) (mod Ifi), 

i.e., 3 J(a, 6, c) = 0 (mod Ifi). 

If 3 is invertible in R, then J{a,b,c) G Iff and hence Iff ff Iff ■ It follows that Iff = Iff and 
_IIDi(i?,-) = _HDi(i?,-). 

(ii) For homogeneous a,b G S, we first claim that 

(a0 0,0 0 6)G = 0 

in {S 0 5 '°P, S 0 5'°p)g. Indeed, one easily deduces from 

J(a0 0,1 0 0,00 6) = -(-l)l“ll''l J (1 0 0,00 0,00 6) 

that 2(a 0 0,00 b)f = 0, which yields (o 0 0, 0 0 b)ff = 0 since ^ G k. 

Consider the k-linear map 0 : ^ 0k 5 —>■ (5 0 S'°p, S 0 S'°p)g, a®b ^ (a0O, 60 0)G. We 
compute that 

6»(a0 60(-l)l“ll'’l6 0a) = O, 


30 






6 »((-l)l“ll'=la6(g)c+ (-l)l''ll“lfoc(g)a+ (-l)l°ll'’lca(g)6) = 0. 

Hence, 9 induces a k-linear map 6 : {S, S)c —>■ (S' 0 S°p, S 0 S°p)^ such that 

(a, &)c i-t (a 0 0,6 0 0)^. 

Conversely, we consider the k-linear map 

: (S 0 S°P) 0 (S 0 S°P) ^ (S, S)c, (ai 0 02) 0 {h 0 62) ^ (ai, foi)c 0 (02,62)c. 

Then it is directly verified that C ken?. Hence, 1? induces a k-linear map 

i? : (S 0 S°P, S 0 S°P)r ^ (S', S)c 

such that 

(ai 0 02, fol 0 62)^ (Ol, 6l)c 0 (02, 62 )c- 

Moreover, we observe that = id on (S, S)c, while (o0 0,00 6)^ = 0 implies that = id 
on (S 0 S°P, S 0 S°P)^. Therefore, (S, S)c is isomorphic to (S 0 S°p, S 0 S°p)^ and we conclude 
that HCi(S) is isomorphic to _HDj(S 0 S°P,ex). □ 

7.3 The kernel of ^ 

We have already known from Lemma 7.4 that keTijj = ^i] = We 

will show in addition that kertp can be identified with _HD]^(i?, “). 

Lemma 7 . 8 . In the Lie superalgebra osp]^|2(i?, the following equalities hold: 

(i) A(a, 1 ) = A(l, o) = 0 , 

(a) X{a,b) = X{d,b), 

(Hi) A(a, &) = —(— 1 )I“II^IA(&, o), 

for homogeneous a,b £ R. We further denote 

J(a, &, c) := A(a6, c) 0 (- 1 ) 1 ^ 11 “'A(6c, o) 0 A(ca, b) 

for homogeneous a,b,c £ R, then they satisfy the following additional equalities: 

(iv) 3 {b, o, c) = (-l)l“ll''l+l''lld+ldklj(a, 6, c - c), 

(v) J(a, 6, [c, d]) = —(—d, [o, 6]), and 

(vi) J([ai,a2], [61, &2], [ci,C2]) = 0. 

where a, b, c, d, Oi, 02, di, d2, Ci, C2 € R are homogeneous. 

Proof, (i) A(l, o) = 0 is trivial. In order to show A(a, 1 ) = 0 , we first claim that 

[h(l, l),h(a,6)] = 0 

for homogeneous a,b G R. Indeed, 

[h(I,l),h(a,6)] = [h(l,I), [f(a),g(6)]] 

= [[h(l,l),f(a)],g(&)] 0 [f(a),[h(l,l),g(6)] 

= -[f(a),g(fc)] 0 [f(a),g(fc)] 

= 0 . 
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Now, we compute that 


[h(l, 1 ), h(a, b)] = [h(l, 1 ), [f (a), g{b)]] = 0 . 

It follows that 

[f(a),g(l)] = -[[h(a, l),f(l)],g(l)] = -[h(a,l),h(l,l)] + [f(l),g(a)] = [f(l),g(a)], 
i.e., A(a, 1 ) = 0 . 

(ii) We calculate that 

[h(a, 1 ), h(l, b)] = [h(a, 1 ), [f ( 1 ), g( 6 )]] = -A(a, b) + [f ( 1 ), g([a, b]), 

[h(a, l),h(l, 6 )] = [[f(a),g(l)],h(l, 6 )] = -A(a, 6 ) + 6 ]), g(l)]. 

It follows that A(a, b) — A(a, b) = [f(l), g([a, b]) — [f([a, b]), g(l)] = —A([a, b], 1 ) = 0 by (i). Hence, 
(ii) holds. 

(ill) We have obtained from (i) that h(a, 1 ) = h(l,a). By (ii), we deduce that 

A(a, b) = -[h(a, 1 ), h(l, b)] + [f ( 1 ), g([a, b])] 

= -[h(l, a), h( 6 , 1 )] + [f ( 1 ), g([a, 6 ])] 

= (-l)l“ll''l [h( 6 , 1 ), h(l, a)] - (-l)l“ll'’l [f(l), g([ 6 , a])] 

= -(- 1 )I“II'’Ia( 6 , a) 

= -(-I)I“II''IA( 6 , a). 

This proves (iii). 

(iv) For homogeneous a, 6 , c, c? G i?, we consider the equality 

[[f(a),g( 6 )],h(c,d)] = [h(a, 6 ),h(c,d)] = [h(a, 6 ), [f(c), g(d)]]. 

Expanding the left and right hand sides of the above equality using the Jacobi identity and applying 
(ii) and (iii), we deduce that 

J(a 6 - c, d) + (-l)l“ll‘=l+l^ll'^lj(cd - a, b) 

= ^_X)l“IFI+l“IFI+l“IMI+l''IFI+I^IMI+l'=IMIj(c^ c^) _(- (—dc, 6 ). 

We observe that J(o, 6 , c) = J( 6 , c, a) = J(c, a, 6 ) and J(a, &, 1 ) = 0 . Taking d = 1 in ( 7 . 5 ), we 
obtain 3 {b, a, c) = (-l)l“ll'>l+l'>lld+ldkl j(a^ 5^ c - c), which is (iv). 

(v) We may deduce from (iv) that: 

J(a, &, c) = —J(a, 6 , c), ( 7 . 6 ) 

J(a,&,c) = 2 (-l)l“ll''l+l''ll=l+l^ll“lj( 6 ,a,c), ( 7 . 7 ) 

3 J(a, 6 ,c) = 0 . ( 7 . 8 ) 

Indeed, ( 7 . 6 ) follows from (iv) by replacing c with c + c. Then (iv) and ( 7 . 6 ) together imply ( 7 . 7 ), 
which further yields ( 7 . 8 ) easily. 

Now, applying ( 7 . 6 )-( 7 . 8 ) to ( 7 . 5 ), we deduce that 

2 J(a&, c, d) + 2 (-l)l“ll^l+l^ll'^lj(cd, a, b) = 2 (-l)l“ll'’l J( 6 a, c, d) + 2 (-l)l“ll=l+l^ll'^l+l^ll'^lj(dc, a, b), 

which yields that J(a, 6 , [c, d]) = —(—l)l“ll'=l+l*'ll‘^lj(c, d, [a, 6 ]). 

(vi) We first claim that J(a, b, c), a,b,c G R is contained in the center of dspi|2(i?, “)• Indeed, 
it follows from ( 7 . 4 ) that 

[J(a, b, c), f(d)] = 0 , and [J(a, &, c), g(d)] = 0 . 
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Note that f{d) and g(d) with d G R generate the Lie superalgebra dspi|2(i?, )• Hence, J(a, &, c) 
is contained in the center of d5pi|2(i?, “)■ 

For homogeneous oi, 02,6i, 1)2 S R, a direct computation shows that 

[A(ai, 02), A(l)i, &2)] = 2 (— J([ai, 02], 61, 62) + A([ai, 02], [61,1)2]) — A([ai, 02], [l)i, 1)2])- 

Since J(a, b, c) lies in the center of the Lie superalgebra osp2|2(^, we further deduce that 

[[A(ai, a2), A(l)i, 62)], A(ci, C2)] + J([ai, a2], [61,62], [ci, C2]) 

= A([[ai,a2], [1)1, 62]], [ci,C2]) - A([[ai,a2], [l)i,l)2]], [ci,C2]) 

- A([[ai,a2], [1)1,1)2]], [ci,C2]) - A([[ai,a2], [l)i,l)2]], [ci,C2]). 

Hence, (vi) follows from ( 7 . 6 )-( 7 . 8 ) and the Jacobi identify 

0 =(-l)(l“^l+l“^l)(l“^l+l=^l)[[A(ai, a2), A(l)i, 1)2)], A(ci, C2)] 

+ (-l)(INI+|bd)(|ad+|ad)p(^^^ A(ci, C2)], A(ai, 02)] 

+ (-l)(l'=d+|c2|)(|f>d+|f-2|)pp^ A(ai, a2)], A(6i, 62)]. 

This completes the proof. □ 

Now, we prove the following proposition: 

Proposition 7 . 9 . ken/; = _HD]^(i?, “) as k-modules. 

Proof. By Lemma 7 . 8 , there is a canonical k-linear map 

V ■ {R, R)^ "> ospi|2(iil, “), (a, b)~ H> h(a, b). 

It follows from Lemma 7.4 that 77 takes the k-submodule _HD]^(i?, ~) C {R,R)^ onto ken/). It 

suffices to show that the restriction of 77 on _HD]^(i?, “) is injective. This will be done through 
creating a central extension of osp^|2„(i?, “) with center {R, R)^ ■ 

Recall that ospi|2(i?, “) (as a k-module) is spanned by 

*B := {t(a),/(a),g(a),eii(l)),e23(c),e32(c)|a € R,b € [i?,R] n R-,c€ R+}, 

where t{a) := eii(a — a) -I- e22(p(a)) — 633(p(a)) and f{a),g{a) are given in (7.2). 

We define a k-bilinear map 


a : ospi|2(-l?) X ospi|2(J?) ^ {R,R)~^ 

as follows: 


a{fia),gib)) = -(-l)(i+l“l)(i+l''l)a(g(l)),/(«)) = (a, I))-", 
a(e23(a), 632(1))) = -(-I)l“ll"a(e32(l)), e23(a)) = -i(-l)l“l+l''l(a, I))-", 
a{t{a),t{b)) = {a,b)~, 

a{t{a),eii{b)) = -(-l)l“ll''la(eii(6), t(a)) = {a,b)^, 
a{eii{a),eii{b)) = ^{a,b)~ - ^(-l)l““ll''lj(ai,o',6), 


a,b € R, 
a,b G R+, 
a,b G R, 

a G R,b G R- n [R,R], 
a,bG R-H [i?,i?], 


and a{x,y) = 0 for other pairs {x,y) with x,y G%. In the last equality above, it is written that 

« = E*([ai)«[] - [a-i^K]) and 

]{aAc) := (-l)l“ll^l(al),c)r + (-I)l'>ll“l(5c, a)-" + (-I)l^ll“l(ca, l))r. 
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We have to show that a is well-defined, i.e., a(eii(a), eii(6)) is independent of the expression 
a = Wi] ~ [oii o,i]) for a,b G R- fl [R, i?]. This can be verified as follows: 

We write b = ~ since b G i?_ fl [R, R] and deduce that 

■ij 

which is independent of the expression a = ~ [oz,ai])- Hence, a is well-defined. Fur¬ 

thermore, using the definition of (i?, i?)^, we directly verify that a is a 2 -cocycle on the Lie 
superalgebra ospi|2(i?, “)■ 

The 2 -cocycle a gives rise to a new Lie superalgebra 

£ := ospi|2(i?, )0(i?,i?)g, 

with the multiplication 

[a; © c, y 0 c'] = [x, y] © a(a:, y), Vx, y G ospi|2(i?, “), c, d G (i?, R)^. 

which is a central extension of osp2|2(.R, ~) with {R,R)G in the kernel. 

Now, the elements 

■5(0) = 623(0 0 a) 0 0 , u;(a) := 632(0 0 a) 0 0 , /(a) :=/(a) 0 0 , y(a) := y(a) 0 0 G £ 

satisfy all the defining relations of osp]^|2(i?, ~). Hence, there is a canonical homomorphism 

d ■ 0^Pl|2(^) ) ^ 

such that 

</'(f(o)) = /(o) 0 0, and (/)(g(a)) = y(a) 0 0. 

Hence, 

ma, b)) = <^([f(o), g(6)]) - (-l)l“ll^l<^([f(l), g(6a)]) 

= [/(a) 0 0, g{b) © 0] - (-l)l“ll'>l[/(I) 0 0, g{ba) © 0] 

= [/(a),y(&)] © a{f{a),g{b)) - (-l)l“ll^l[/(I), y(H] © «(/(!), y(M) 

= eii([a, &] - [a, &]) 0 2(a, &)^, 

which yields the injectivity of y since y((a, b)G) = h(a, b). □ 

Remark 7 . 10 . In order to prove the injectivity of y, we construct the central extension £ of 
osp2|2(I?, ~) via explicitly creating a 2 -cocycle on osp2|2(I?, ”)• Similar techniques have been ap¬ 
plied in the proof of Theorem 4 . 7 . However, the method for creating the 2 -cocycles on ospi|2(7?, “) 
is quite different from the methods used in Theorem 4 . 7 . Concretely, a 2 -cocycle on osp^|2„ (R,-) 
with {m,n) ( 1 , 1 ) has been created via restricting a 2 -cocycle on fl(m|2n(-R, ”)■ The case of 

osp2|2(I?, ~) is much complicated since the 2-cocycle on ospi|2(7?, “) that we created here does not 
come from the restriction of a 2-cocycle on 0(;^|2(i?). 
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7.4 A nontrivial central extension of asp]^| 2 (-R, ) 

We have shown that ijj : dspi|2(-R, “) -> ospi|2(t?, “) is a central extension, but it is not necessarily 
universal. We will explicitly create a nontrivial central extension of osp2|2(t?, ~). 

Let I3 be the k-submodule of R spanned by 

3a, a — a, ([a, 6] — [a, 6])c, a+6+c — (— 

and 

(-l)l“ll'=l(a&c + abc) + (-l)l'’ll“l(6ca + bca) + (-1)1=11''! (cd& + cab) 
for homogeneous a,b,c € R. Let 

3 := i?/l 3 © R/I?. 

and 7ri(a), 7r2(&) denote the canonical image of a G i? in the first and second copy of R/I^. Then 


37r,(a)=0, (7.9) 

TVi{a) = TTi{a), (7-10) 

7ri([a, 6]c) = 7ri([a, &]c), (7.11) 

7ri(a+6+c) = (-l)l“ll''l7ri(6+a+c), (7.12) 


(—l)l“ll=l7ri(a&c + abc) + (—l)!''!!“!7ri(6ca + bca) + (—l)!=!!''!7ri(ca6 + cab) = 0 , ( 7 . 13 ) 

where a,b,c € R are homogeneous. 

Recall that dsj3i|2(R, “) is spanned by 

18 := {h(a, 6 ), v(a), w(a), f(a), g(a)|a, b £ R are homogeneous.} 

as a k-module, we define a k-bilinear map 

/3 : ospi|2(R, “) X oSpi|2(R, ") ^ 3 

as follows, 

/?(v(a),g(&)) = -(-l)!“!'^+!''!^/ 3 (g( 6 ),v(a)) = 7 ri(a+&), 

/3(f(a),w(6)) = -(-l)(i+l“l)l''l/3(vir(&),f(a)) = 7r2(a&+), 
and P{x,y) = 0 for all other pairs {x,y) G 18 x * 8 . 

Lemma 7 . 11 . The k-bilinear map 13 is a 2 -cocycle on osp3|2(7?, ~) with values in 3. 

Proof. This is verified through direct computation. We omit the details here. □ 


Using the 2-cocycle /3, we dehne a new Lie superalgebra uospi|2(i?, ): 

U0Spi|2(R, ") := 0Spi|2(R, “) © 3 


with the Lie super-bracket [x (Bc,y (B c'] = [x,y\ © /3{x,y) for x,y £ aspi|2(i?, “) and c, c' G 3. 
The Lie superalgebra uospi|2(R, “) can also be characterized by generators and relations. A set 
of generators of uospi|2(i?, “) consists of v(a), w(a), f(a), g(a), 7ri(a) and 7r2(a). The defining 
relations of uosp3|2(i?, “) are given by 


v(d) = v(a), 

[v(a),v(&)] = 0, 

[v(a),g(&)] = 7ri(a+6), 
[v(a),f(6)] = (-l)!''!g(a+&), 
[f(a),f(&)] = (-l)!“!w(d6), 
[[f(a),g(&)],f(c)] = i{abc-c 
[g(a), [f(&),g(c)]] = g{abc-. 


w(a) = w(a), 

[w{a),w{b)] = 0, 

[f{a),vf{b)] = TT 2 {ab+), 
[g(a),w(6)] = -(-l)!“!f(a6+), 
[g(a),g(&)] = -(-l)!'’!v(a6), 
(_l)kl|b|+|b|ld+klklg5Q)^ 


where a,b,c £ R are homogeneous. 
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7.5 The universality of uosp]^| 2 (-R, ) 

Let Ip' '■ uospi|2(^, “) —S' aspi|2(i?, “) be the canonical homomorphism of Lie superalgebras. We 
have known from Proposition 7.5 that ip : osp]^|2(7?, ~) osp]^|2(i?, “) is a central extension, so is 

Ip oip' ■. uosp2|2(.R, ~) ospi|2(7?, “)■ We will show that 

Theorem 7.12. The central extension ip op)' : uospi|2(7?, ”) — > osp2|2(.R, ~) is universal. 

Proof. Let (/5 : € —> osp;^|2(i?, “) be an arbitrary central extension of osp2|2(.R, ”)• We define 


7(a) : 

= -l[g{a+),g{l)], 

w{a) : 

= i[/(l),/(o+)], 

/(a) : 

= -^(-l)'“'[5(a),^&(l)], 

9{a) ■■ 

= i(-l)H[7(l),/(a)], 


1 


1 

7-1(0) : 

= 2[^(l)>5(a)], 

7-2(0) : 



for homogeneous a G R, where x is an arbitrary element of (p~^{x) for x G osp]^|2(i?, ~). Since 
(p : <£ —>■ ospi|2(7?, “) is a central extension, the element [x,y] is independent of the choice of 
X G (p~^{x) and y G (p~^{y) for x,y G 0Sp2|2(.R, ”)• 

We first show that TTi,i = 1,2 satisfy (7.9)-(7.13). We set h{a,b) := [f(a),g{b)] and deduce 
that 

[h(l, l),7fi(a)] = 37fi(a), and [h(l, l),7f2(a)] = -37r2(a), 

which yields that 37fi(a) = 0 = 37r2(a) since Tti{a) G kert^ is contained in the center of £. 

For (7.10), we compute that 

*i(a) = i[u(l),g(a)] = -i[z}(l),[g(l),h(a,l)]] 

Hence, 7fi(a) = 7fi(a) since v{a) — v(a) G ker(/j. Similarly, we have 7f2(a) = 7f2(a). 

We show (7.12) and (7.13) before proving (7.11). In order to show (7.12), we first deduce that 

[v{a),g{b)] =7fi(a+6), and [f{a),w{b)] = 7f2(a6+). 

Then we compute that 

ni{a+b+c) = [v{a),g{b+c)] = (-l)l°l[7(a), [7(6),/(c)]] 

= (-l)hl+l“ll''l[7(6), [7(a),/(c)] = (-l)l“ll''lifi(6+a+c). 

A similar computation also shows 7f2(a6+c+) = (—l)l^ll°l7f2(ac+6+), which yields 7f2(a+6+c) = 
(—I)l“ll^l7f2(6+a+c) since 7-2(0) = 7-2(0). 

For (7.13), we consider 

ma),m],g{c)] = -(-l)l'’l[7(a6),5(c)] = -(-l)l'’lffi(a6c) - (-l)l'l+l“ll'l7i(6ac). 

Using the Jacobi identity 

0 = (-l)J'(“.'=)[[5(a),g(6)],g(c)] + (-1)^(^’“) [[5(6), 3(c)], p(a)] + (-1)^(^>'') [[g(c), 3(a)], g(6)], 
where p{a,b) = (1 + |a|)(l + |6|), we conclude that 

(_l)l“ll'^l7i(a6c + abc) + (—l)l^ll“l7i(6ca + bca) + (—I)l'^ll^l7i(ca6 + cab) = 0 , 
and similarly for 7-2. 
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Now, we return to prove that = 1,2 satisfy ( 7 . 11 ). Taking c 
applying ( 7 . 9 ), we obtain 


7ri((a — a){b — b)) = 0. 


1 in ( 7 . 13 ) and then 


It follows that 

[Hab),g{c)] = -i(-l)(i+l“l)(i+l^l)[[(i(6,a),u(l)],g(c)] 

= i(-l)l“ll'’l+l'>ll'=l+l^ll“l[0(l),g(c6a-cte- (-l)l“ll^l+l^ll^l+l"ll“la6c)] 

= ^ni{abc) - i(-l)l“ll''l+l''ll^l+l=ll“l^i(c(6a - U)) 

= ifri(a&c) + i(-l)l“ll''l7ri((6a - ba)c). 

On the other hand, [v{ab), g{c)] = TTi{abc) + ni^abc). Hence, 7fi([a,6]c) = 7fi([a,6]c). A similar 
argument also shows that ( 7 . 11 ) holds for tt2. 

In summary, we have shown that tti and ^2 satisfy ( 7 . 9 )-( 7 .I 3 ). Furthermore, we directly 
verify that v{a),w{a), f{a), g{a),TTi(a),Tr2{a) for a S i? satisfy all relations in the definition of 
uospi|2(A, “). Hence, there is a unique homomorphism of Lie superalgebras (p' : uospi|2(A, “)—>■£ 
such that (f o ip' = ij; o ij}'. Therefore, the central extension il;otjj' : uospi|2(i?, “) —>■ ospi|2(i?, “) is 
universal. □ 


Following Propositions 7 . 5 , 7.9 and Theorem 7 . 12 , we conclude that 

Corollary 7 . 13 . H2(ospi|2(i?, “),k) = _Rr)i{R,~) (B R/I3 (B R/I3, where X3 is the h-submodule 
of R as defined in Subsection I.Jf.. 

The presentation of the Lie superalgebra uosp]^|2(i?, ~) is quite complicated here. The following 
proposition shows that it is indeed same as the Lie superalgebra osp2|2(77, ~) in many cases. 

Proposition 7 . 14 . If 3 is invertible in R or + R- ■ R- = R, then 

U0Spi|2(i?,”) = 0Spi|2(i?,") 

as Lie superalgebras over k, and hence tp : osp]^|2(7?, ~) —> osp]^|2(7?, “) is a universal central 
extension in this situation. In particular, for every unital associative superalgebra S, 

uospi|2(S' 0 5 '°’’, ex) = dspq2(‘S' 0 5 '°'’, ex). 

Proof. If 3 is invertible in R, then 3 i? = R, which yields that 3 = 0. On the other hand, we 
observe that ( 7 . 10 ) implies that 7ri(i?_) = 0 for i = 1 , 2 , while ( 7 . 13 ) yields that n.i{R- ■ i?_) = 0 
for i = 1 , 2 . Hence, 3 = 0 if R- + R- ■ R- = R. Hence, the first assertion holds. 

In S' 0 S', we know that 

a (B b = ^(n — 5) 0 (5 — a) 0 2 0 ^) 0 (—n — 5)) • (1 0 — 1 ) € R— 0 R— • R—, 

for all a,b G S. Hence, (S 0 S°p)_ 0 (S0 S°p)_ • (S0 S°p)_ = S 0 S°p, which yields the second 
assertion. □ 


Remark 7 . 15 . If i? is a unital super-commutative associative superalgebra with the identity super¬ 
involution, the Lie superalgebra uospi|2(S, id) is not necessarily equal to dspi|2(S, id). However, 
we observe that I3 = 3 i? in this situation. By Remark 7 . 6 , we conclude that 

H2(ospi|2(k) Ok R,k) ^ HCi(i?) 0 (i?/ 3 i?) 0 {R/ 3 R), 

which coincides with the second homology group of ospi|2(k)0k7? obtained in [11] if we additionally 
assume that k is a filed of characteristic zero. 
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If {R, ) = (SS) S°P, ex), we recover the result about the universal central extension of s[i| 2 ( 5 ') 
obtained by [5]. 

Corollary 7.16. Let S be a unital assoeiative superalgehra. Then the eanonical homomorphism 
sti| 2 ( 5 ') —>■ s[i| 2 (*S') is the universal central extension and H 2 (s[i| 2 (>S'),k) = HCi(5'). 

Proof. We have known from Lemma 7.7 that _HD]^(5'0S'°P,ex) = HCi(5'). Hence, the statements 
follow from the following commutative diagram 

0-^ _HDi(S' 0 5'°P, ex)-ospi| 2 ( 5 ' 0 S'°p, ex)-)■ ospi| 2 ( 5 ' 0 S'°p, ex)-> 0 


0- > HCi(5')- > sti|2(>S')->■ s[i|2(>S')-^ 0 

where dipi| 2 ( 5 ' 0 S'°P,ex) —> osp;^| 2 ( 5 ' 0 S'°P,ex) is a universal central extension by Theorem 7.12 
and Proposition 7.14. □ 
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